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Background: Scott's bound for integral polygons
Definition

An integral (or lattice) polygon in R? is the convex hull of a finite set of
points in the integer lattice Z2.

Notation
ip := # of lattice points in the interior of P.
bp = # of lattice points on the boundary of P.
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Scott’s bound for integral polygons

Question J

For fixed ip > 1, what are the possible values of bp?
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Scott’s bound for integral polygons

Theorem (Scott 1978) The points (ip, bp) as P
Let P be an integral polygon with ranges over all integral polygons:
ip>1.

o Ifip =1, then bp < 0. ©

o Ifip > 2, then bp < 2ip + 6. ©
See the 2009 AMM article by Haase ©
and Schicho for several proofs. e
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Scott’s bound for integral polygons

Theorem (Scott 1978)

Let P be an integral polygon with
ip>1.

o Ifip =1, then bp < 0.
o Ifip > 2, then bp < 2ip + 6.

See the 2009 AMM article by Haase
and Schicho for several proofs.
In terms of toric geometry:

Theorem (Jung 1890)

Let p and d be, resp., the sectional
genus and degree of a toric surface.

o Ifp=1, thend <9.
o Ifp>2thend <4p+4.

V.
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The points (ip, bp) as P
ranges over all integral polygons:

L]
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Generalizing Scott's bound

No bound on bp in terms of ip is possible for general rational polygons.
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Generalizing Scott's bound

No bound on bp in terms of ip is possible for general rational polygons.

In the integral case, ip = 1 forced bp < 9.

However, we show that integrality is not necessary for ip =1 to force
bp < 9. Pseudo-integrality suffices ...
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Generalizing Scott's bound

No bound on bp in terms of ip is possible for general rational polygons.

In the integral case, ip = 1 forced bp < 9.

However, we show that integrality is not necessary for ip =1 to force
bp < 9. Pseudo-integrality suffices (at least for triangles).
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Background: Ehrhart’s theorem

Let P be a polytope. The Ehrhart function ehrp: Z>; — Z>q counts the
integer-lattice points in all positive-integer dilates of P.

............. ehrp(1) = 3,
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Background: Ehrhart’s theorem
Let P be a polytope. The Ehrhart function ehrp: Z>; — Z>q counts the
integer-lattice points in all positive-integer dilates of P.

............. ehrP(l) = 37

....... Coe ehrp(2) = 9,
...... . ehrp(4) 29,

OV
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Background: Ehrhart’s theorem

Let P be a polytope. The Ehrhart function ehrp: Z>; — Z>q counts the
integer-lattice points in all positive-integer dilates of P.

............. ehrp(1) = 3,

YA O ehrp(2) =9,

U . ehrp(4) = 29,

A S %t2+t+1, if t is even,
<7 : ehrp(t) =143 , 1 e
NSNS 5t°+t+ 5, iftisodd.

P 2P 4P
Theorem (Ehrhart 1962)

If P C RY is a rational polytope, then ehrp(t) = |tPNZ9| is a
quasi-polynomial function of t € Z>1. That is,

ehrp(t) = cq(t)t? + cy_1 ()t + - + co(t)

for some periodic functions c¢;: Z — Q.
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Integral and pseudo-integral polytopes

Theorem (Ehrhart 1962)
If the polytope P is integral, then ehrp(t) is a polynomial function of t:

ehrp(t) = cqt? 4+ --- 4 art + .
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Integral and pseudo-integral polytopes

Theorem (Ehrhart 1962)
If the polytope P is integral, then ehrp(t) is a polynomial function of t:

ehrp(t) = cqt? 4+ --- 4 art + .

However, even when P is non-integral, the ¢;'s may still be constants.
Definition

A pseudo-integral polytope (PIP) is a polytope P such that ehrp(t) is a
polynomial.
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v

Example

P = —> ehrp is a polynomial.
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Pseudo-integral polytopes “in the wild”

o Berenstein—Zelevinsky polytopes 2001: The lattice points in a BZ
polytope count the multiplicity of an irreducible representation V,, of
a semisimple Lie algebra in a tensor product V), ® V,,. See Thomas
Magnuson's poster this evening for the type-G, case!

o Kasprzyk & Wormleighton 2018: If P is a pseudo-integral triangle
with ip = 1, then the projective toric surface determined by the
normal fan of P is a fake weighted projective plane of integer degree.

o Cristofaro-Gardiner & Kleinman 2020: The existence of certain
pseudo-integral triangles explains why embeddings of symplectic
ellipsoids yield “infinite staircases”.
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Generalizing Scott's bound — The pseudo-integral case

Recall Scott’s region for integral
polygons. °
Theorem (Scott 1976) °

Let i, b > 0 be integers. Then

(i,b) = (ip, bp) for some integral

polygon P if and only if either e o o o
@ /=0and3<b< 0, or

@i =1and3<b<9, or

@/ >2and3< b<2/+6. |
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Generalizing Scott's bound — The pseudo-integral case

For pseudo-integral polygons, we

know exactly what happens below e o & o
Scott's region. 7?7 .
Theorem (M & Moriarity 2017) ? . ?’," . .
There does not exist a 2-dimensional 7 ,"

PIP P with bp = 0 or with e
(iPa bP) € {(07 1)7 (07 2)}

However, for all integers i > 1 and e e e .
b € {1,2}, there exists a PIP P with

(iPabP):(ia b) ) ° ° ° ° °
What happens above Scott's region :

is less clear . .. e o o o o o
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Constructing PIPs above Scott's region

Recently, Martin Bohnert has broken . . D

“Scott’s barrier” and found PIPs 7?7 ;'

above Scott's region! 2 . '.‘ . °

Theorem (Bohnert 2024+) ? O

Let i,b> 0 be integers with i > 1. e e e .

Then (i, b) = (ip, bp) for some

ha/f—integra/ PIP P Iff . ° . ° °
2<bp <2ip+T7. ) y ° ° °

(Cf: For general half-integral ’ I

polygons, 0 < bp < 3ip +6.) .
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Reflexive polygons
Definition

An integral polytope P is reflexive if the dual polytope PV is also integral.

Fact

An integral polygon P C R? is reflexive (up to lattice translation) if and
only if ip = 1. There are exactly 16 such polygons, up to a GLy(Z) actlon

L VARV
VQaPFVdatk

Image adapted from Haase & Schicho 2009
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Pseudo-reflexive polygons
Definition

A pseudo-integral polytope P is pseudo-reflexive if the dual polytope PV
is integral.

Proposition (Bohnert, M & Williford 2024+)

A pseudo-integral polygon P C R? is pseudo-reflexive (up to lattice
translation) if and only ifip = 1.

Example (of a pseudo-reflexive polygon)

Vv
vy
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Pseudo-reflexive polygons and fake weighted projective
planes

If P is a pseudo-reflexive polygon, then its dual PV is Fano.

Theorem (Bohnert, M & Williford 2024+) J

If P is a pseudo-reflexive triangle, then the projective toric surface
determined by the normal fan of P is a fake weighted projective plane of
integer degree (Kasprzyk & Wormleighton 2018+).
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Main Result

We rule out the existence of any
pseudo-reflexive triangle above
Scott's region:

| No triangular PIPs!

Theorem (M & Williford 2025+)

Let P be a pseudo-reflexive triangle.
Then bp < 9.
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Main Result

We rule out the existence of any ‘ No triangular PIPs!

pseudo-reflexive triangle above =,

Scott’s region: % . ',' e o
Theorem (M & Williford 2025+) % S e e
Let P be a pseudo-reflexive triangle. & ,". e e .
Then bp <9 and bp # 7.

We conjecture that Scott's bound
bp < 9 extends to all pseudo-integral e o o o
polygons with ip = 1.

Conjecture (M & Williford 2025+)
Let P be a pseudo-reflexive polygon.
Then bp < 9. °
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Scott’s bound for pseudo-reflexive triangles
Key Elementary NT Lemma (M & Williford 2025+ )

Let x, y, z be positive integers such that

(x+y+2)?
Xyz

b= Z.

Then b<9and b #7.
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Scott’s bound for pseudo-reflexive triangles

Key Elementary NT Lemma (M & Williford 2025+ )

Let x, y, z be positive integers such that

(x+y+2)°
Xyz

b= € 7.

Then b<9and b #7.

Example
The solution (b, x,y,z) = (9,1,1,1) generates an infinite family of PIPs:

3Fj11 3F—1
Conv{O, o1 1l Fpry ©2

v
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Scott’s bound for pseudo-reflexive triangles

Key Elementary NT Lemma (M & Williford 2025+)

Let x, y, z be positive integers such that

(x+y+2)°
Xyz

b= € 7.

Then b<9and b #7.

Example
The solution (b, x,y,z) = (9,1,1,1) generates an infinite family of PIPs:

3Fj11 3F—1 R 2 3
Conv{O, el ple) P Conv{0, 37°e;, e}

where Fg, Fy,... is the Fibonacci sequence, and 7 := % is the “golden
ratio”. These arose previously in work by Cristofaro-Gardiner & Kleinman
studying symplectic embeddings of ellipsoids.

v
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Constructing new PIPs

Theorem (M & Williford 2025+)

o All solutions (b, x,y,z) € Z%, to (x +y 4 z)? = bxyz are generated

by “Vieta jumping” the following 13 “Vieta reduced” solutions:

b x y z b x y =z b x y =z
1 5 20 25 2 3 6 9 5 1 4 5
1 6 12 18 2 4 4 8 6 1 2 3
1 8 8 16 3 2 4 6 8§ 1 1 2
19 9 9 3 3 3 3 9 1 1 1
4 2 2 4
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@ Each of these solutions yields an infinite sequence of rational PIPs
with ip = 1 interior lattice point and bp = b boundary lattice points.
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Constructing new PIPs

Theorem (M & Williford 2025+)
o All solutions (b, x,y,z) € Z%, to (x + y + z)? = bxyz are generated

by “Vieta jumping” the following 13 “Vieta reduced” solutions:

b x y z b x y =z b x y =z

1 5 20 25 2 3 6 9 5 1 4 5

1 6 12 18 2 4 4 8 6 1 2 3

1 8 8 16 3 2 4 6 8§ 1 1 2

19 9 9 3 3 3 3 9 1 1 1
4 2 2 4

@ Each of these solutions yields an infinite sequence of rational PIPs
with ip = 1 interior lattice point and bp = b boundary lattice points.

@ Each of these infinite sequences converges on an irrational PIP,
adding new irrational PIPs to the families discovered by
Cristofaro—Gardiner, Li, and Stanley (2019).
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Thank You!

T. B. McAllister and J. S. Williford, Boundaries of pseudo-integral
polygons, to appear in Combinatorial Theory, arXiv:2501.00667.
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Constructing PIPs above Scott's region

| No triangular PIPs!
—

What about the PIPs with / > 27
How far above Scott's region can
they be found?
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Constructing PIPs above Scott's region
Theorem (M & Williford 2025+)

Let d € {3,4,10}. Then there exists a denominator-d polygonal PIP P
with ip = i and bp = b for all positive integers i, b such that

3i+5 ifd=3,
2<b< < 4i+4 ifd=4,
5/i+4 ifd=10.
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Theorem (M & Williford 2025+)

Let d € {3,4,10}. Then there exists a denominator-d polygonal PIP P
with ip = i and bp = b for all positive integers i, b such that

3i+5 ifd=3,
2<b<{4i+4 ifd=a4,
5i+4 ifd = 10.

Constructing the d = 10, i = 2 cases:

~—~——

~——

I
/
|
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