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Introduction

Let g be a finite-dimensional complex semisimple Lie
algebra of rank r.
In [1], Berenstein and Zelevinsky defined a poly-
tope BZµ

λν(g) in which the number of integer lat-
tice points equals the multiplicity with which the
irreducible representation Vµ appears in the tensor
product Vλ ⊗ Vν. The definition of BZµ

λν(g) is given
in terms of so-called i-trails.
For the classical types A, B, C, D, Berenstein and
Zelevinsky computed these i-trails and gave com-
pletely explicit linear inequalities for BZµ

λν(g). How-
ever, this remains to be done for the exceptional
types G2, F4, E6, E7, E8.

Our Contribution

Let g be of type G2.
• We compute the i-trails required to define

BZµ
λν(g).

• We give completely explicit inequalities for
BZµ

λν(g), implemented in SageMath.
• We study the geometry and Ehrhart theory of

BZµ
λν(g).

Definition of i-trails

Let γ and δ be weights of an irreducible repre-
sentation Vλ of g, and let i = (i1, . . . , iℓ) be a
sequence of indices in [r]. An i-trail from γ to δ
is a sequence γ = γ0, γ1, . . . , γℓ = δ of weights of
Vλ such that:
• The Combinatorial Rule: for k ∈ [ℓ],

γk−1 − γk = ckαik
for some nonnegative ck.

• The Composition Rule: ec1
i1

· · · ecℓ
iℓ

is a
non-zero map V (δ) → V (γ), where the eik

are
Chevalley generators.

A potential i-trail a sequence of weights of Vλ

satisfying the combinatorial rule but not neces-
sarily the composition rule.

Examples

Let g be of type G2. Then BZµ
λν(g) is a polytope of dimension ≤ 4 in R6.

Figure 1:Let λ = (10, 0), ν = (8, 3), and µ = (0, 8). Then
BZµ

λν(g) is a 2-dimensional polytope with 8 lattice points, so
cµ

λ,ν = 8.

Figure 2:Let λ = (6, 0), µ = (8, 6), and ν = (9, 6). Then
BZµ

λν(g) is a 3-dimensional polytope with 16 lattice points, so
cµ

λ,ν = 16.

Computing the i-trails

The combinatorial rule defines a polytope in which
the lattice points correspond to potential i-trail.
Let i = (1, 2, 1, 2, 1, 2). Here is a step-by-step con-
struction of the underlying paths π1, π2, π3, π4 that
support the i-trails between the indicated weights
γ and δ in the irreducible representation Vγ for
type G2.

Results

Theorem

Let λ, µ, and ν be dominant weights of a Lie
algebra g of type G2.
• All potential i-trails involved in the definition

of BZµ
λν(g) satisfy the composition rule.

• The possible vertex denominators in BZµ
λν(g)

are 1, 2, 3, 4, 5, 6, and 9. The largest possible
denominator of BZµ

λν(g) is 180.
• The Ehrhart quasi-period of BZµ

λν(g) divides 6.
In fact, each of the divisors 1, 2, 3, 6 appears
as a quasi-period of a type-G2 BZ polytope.

The Ehrhart-positivity conjecture
fails in type G2

In types A, B, C, D, the Ehrhart quasipoly-
nomial of BZµ

λν(g) is conjectured to be Ehrhart
positive [2], meaning that all coefficients of their
Ehrhart quasipolynomials are nonnegative

However, many type-G2 BZ polytopes
have Ehrhart quasipolynomials with
negative coefficients. Examples appear in
every possible dimension. Empirically, it seems
that roughly 10% of the type-G2 BZ polytopes
with the coordinates of the dominant weights less
than 10, 000 have negative coefficients.
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