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Plan for

TodayI
BackgroundII

Main Results
constructbasis for rank selected homology

of any geometric
lattice P called

positively answersribbon basis

1982 question of Anders Bjorner
1 establish representation stability
of beta5leftpi4right for partition lattice pin

2 prove sharp stability bound
of 4 max S1511 for betasleftpinright
proving conjecture of H Reiner

establish stability prove sharp
stability bound for Boolean lattice Bn

III Examples



Partition Lattice pin and its

Sn Representations

123412
3423 414 23123413 24124 32

13413

2412131424 1 314 233412231 4

1121314pi4
pin poset of set partitions w refinement order

Sn acts on pin by permuting values

e.g 1 3 left12345right32left1right45varepsilonpi5
Actionpreserves SO permutes chains

u1u2ldotsuk i e faces of Deltaleftpinright



Sn action on chains of P

gives rise to Sn representations
on Homology Groups of Deltad

3

Sn action on pin also preserves

poset rank steps from 5 Sn
actionpreserves

and ranktooonBn poset of subsets of
left12nright with subseteqorder

Sn action on chains of pin

CrespBn commutes with simplicial
boundary map d given by

dleftu0ldotsurrightsum_i0rleft1rightileftu0ldotshatuildotsurright
for Deltaleftpinright resp DeltaleftBnright hence

induces Sn representation on ith homology

group of order complex DeltaleftPright for each i



Defi Given graded poset P of
rank n with G actin preserving rank oint_1langle

define for each Ssubseteqleft12n1right
11

leftS1S2ldotsSkright
alphasleftPright permutation rep'n of G

on chains c1ldotsck in P
where rank leftcirights for i12ldotsk

betaSleftPrightsum_TleqSleft1rightleftSTrightalphaTleftPright virtual
G rep

nFactIf graded P with G action is

Cohen Macaulay e.g shellable then

a PsleftuinPrklefturightinSright has homology
concentrated in topdegree forallS 1 rkP 1

b betaSleftPright is an actual G representation

namely repin on top homology of

PS coming from G action on ps



Rand Selected Homology betasleftpinright of

PartitionLattice pin

Sleft13n2right case

where pinleft1n2rightpinlefthat0hat1right
since rank leftpinrightn1

Them Hanlon Stanley

betaleft1n2rightleftpinrightcongsgnnotimesleftpsiuparrowcnSnright
where Psi is linear repin sending generator

forCn to e2piin

Rkdimleftbetaleft1n2rightleftpinrightrightleftn1rightpmMpinlefthat0hat1right
lambdam Joyal beta1n2leftpinrightcongsnsgnotimeslien multilinearpart

free Lie alg



Qn Richard Stanley 82 Understand

betasleftpinright for each Ssubseteqleft1n2right

Lots of pastwork on leftlanglebetasleftpinright1rightrangle
but even that not well understood

for Sneqleft12n2right
encapsulates famous hardquestionsregardingplethysm of repins

Today representation stability for betasleftpinright
for fixed S as n grows sharp
representationstability bound

What rep stabilitybound gets you
for fixed S knowing betasleftpinright for

n123ldots4maxSleftSright1 determines betasleftpinright
stability bound weproveforall n

e g Sleft13rightRightarrow4maxSleftSright11221 11

Rk Rank selection isposetanalogue ofpartialflagvariety cleanest example posetofsubspaces



Representation Theoretic
StabilityDef

Church farb A series of

Sn modules M1M2M3 _for n123ldots

stabilizes at nn0 if

Mn0oplusclambdaSlambdaRightarrowMnoplusclambdaSlambda1nn0lambda2lambda3
for all ngeqn0

e.g
1 311177 3177

nn0M5M4
73 7
nn0

n04
M6

Stability Proof Method Decompose each Mn into
sn andgivecomponentsSlambdaotimescoprodnleftxright

upper bound on leftlambdarightlambda1
SleftlambdarighttimesSnleftlambdaright



Sn Module Structure for betasleftBnright

Thm Solomon betasleftBnrightcongS
rightarrow

sn

Specht module
of ribbonshapeforSlefts1skright

with 1leqs1ldotsskleqn1

s3s2

Plan Homology basis for betasleftPright for geometric
lattices P sharing features of polytabloid basis

for Specht modules useful for calculating inep

S2S1S1

mutts

vf poly
tabloid basis

elementeg Boolean lattice
case

11

4wedge6 46 LI 6
2
wedge
s 7 257 357

1213 13F
ribbonbasis element

standardYoung
tableau left13rightleft13257right

left12rightleft12357right t



II Main

Results1Fix finite SsubseteqSigma1 2 Letting n grow
we prove 0

betasBn is representation
stable

it has shamp uniform
representation stability bound

2maxSleftSright1

2 We construct new ribbon basis

for betasleftPright for any geometric
lattice P

answers question of Anders Bjoiner

introduces matroid graphical analogue
of Specht modules for ribbon

shapes



3 Fixing SsubseteqmathbbZ0 and letting n grow
we prove

representation stability for beta5leftpinright
betasleftpinright satisfies sharp uniform
representation stability bd of

4 max SleftSright1 as conjectured

by H Reiner
Note special cases of S12 i Sleftiright

previously done in 1t

ReimerMotivationscomputer pfs understandmultiplicities

Techniques

symmetric fins Whitney homology

for Boolean lattices

Youngsymmetrizers applied to ribbon basis
in rather nonstandard way

for partition lattices



III Examples

Homology Basis Construction for betasleftpinright
leftright

totally order atoms a1a2an elementscovering
hatO

e g 121323142434ninpin
ijijleft1rightzlefthatirightlefthatjrightldotswhere 12123left4rightldotsln

13132left45rightldotsn

consider standard fillings of ribbon shape

for SSigmaS1S2ldots
s3s2
size of 2nd poset rank jump in psS2S ls1

size of 1st poset mud jump in PS
with atoms increase L to R in rows decrease

up columns
671358

e s 1 2141 al3ai4ai5profline

ai2aisuch that
1 ai1ai1veeai2cdotai1veeai2veeai3ldots

in geometric lattice P



2 each aij small as possible wirt T

yieldingposet chain ai1ai1veeai2ldotsldots
e g 12vee1412V 24 but 142,24

1214SO12 24

allowable fillings map bijectively to
the homology facets inshellingfacets

closing
offsphere'sforΔ PS

Send each such ribbon filling F to

polytabloid vf

e g 131413121312141214

map Vf to alternating sum of

maximal chains in
supset

I S giving ribbon

basis element indexed by F

e g left12vee14p12vee14vee13right
left12vee13p12vee13vee14right



More Detailed Example of Ribbon
Basis

Elementef n8

Sleft25right
ribbon row lengths

25285

Total order on atoms of pin
1213231424341525ldots

I
12 3 41_

1817141378115

standard Young
tableau whose
entries are NBC basis

F1256 5613

1256

overlinefchain leftleftFrightrighte12ve56e12ve56ve13ve15ve78 11

111256347812356784map
sending
tabloids to
max chains
in PS

max chain in pin5 for Sleft25right



Basis Element indexed by F

141778IS11312
56

overlinefchain leftvfright
I 114 177817131578 13

15145611256 11278171417
overlinef chain

56 15145615

981213121 3

12v56C 12056 v 13nu IS vee78
left12056right 1205 6V 13 vee15vee14

12vee13 120 13v 6 VIS v8

left12vee1right 1 2V 13 v 56 v15vleft4right



Example Stability Bound for betasleftpinright
Prove lambdalambda14maxSSRightarrow
related to WHSleftpihrightSlambdarangle0

betaS
to deduce stability bd 4 max SleftSright1

T12345 6e f Sleft13right lambdaleft6right
leftSright2maxS3

leftxright6
lambda16
shape 161leftlambdarightlambda1114cdot3211112664maxSleftSright111

leftSrightbTaTleftcoprodrightleftsum_fracsigmainS6now0sigmaright
maxs

Young symmetrizer column
antisymmetrizesymmetrizer

overlinefchaimleftvfrightoverlinef chain leftbeginmatrixleftoverline12overline56rightoverline3456frac13412endmatrixright
ribbon
basis
elt

left12345right6123456left123456123456right
s6

bTaTleftwrightoverlinef chain leftfrac123456frac34121rightleft13rightleft24rightVF
apply to ribbonbasis elt pmldotsvF



F 13 left24rightf

overlinefchinmleftfrac123456frac341256rightleftfrac341256frac1234frac56right
ldotstldots

0 since sunnands cancel in pains

One may show

bTaToverlinefchainleftvFright0forallT of shape 13
all overlinefcha mcdotleftVfright in
ribbon basis

since bTaT sends

basis for betasleftpinright to 0sobTaTleftWHleft13rightleftpinrightright0

SoleftlanglehatWHleft13rightleftpinrightSleftleftrightrightrightrangle0 argument
works for leftlambdarightlambda14maxSleftSright1

implying stability for ngeq4maxSleftSright1



Thank you


