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Kawasaki's theorem or Kawasaki—
Justin theorem is a theorem in the
mathematics of paper folding that
describes the crease patterns with a
single vertex that may be folded to
form a flat figure. It states that the
pattern is flat-foldable if and only if
alternatingly adding and subtracting
the angles of consecutive folds
around the vertex gives an alternating
sum of zero. Crease patterns with
more than one vertex do not obey
such a simple criterion, and are NP-
hard to fold.
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In this example, the alternating sum of angles e

(clockwise from the bottom) is 90° — 45° + 22.5° —
22.5° + 45° — 90° + 22.5° — 22.5° = 0°. Since it adds
to zero, the crease pattern may be flat-folded.
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Origami crease patterns (OCP)

@ Faces: convex polygons colored black and white;

@ Kawasaki angle condition: sum(white angles) = sum(black angles) = 7 around
each interior vertex.

@ Origami map: isometry on each face preserving/reversing the orientations of
white/black faces.
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@ Origami reconstruction problem: given points (%1,...,X%,) and (%,...,%,)
satisfying |%; — Xj| > |X; — X;|, find an OCP with boundary polygon (%i,...,X,)

whose origami map sends X; — X; for all i.
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@ Origami reconstruction problem: given points (%1,...,%,) and (%1,...,%,)

satisfying |%; — Xj| > |X; — X;|, find an OCP with boundary polygon (%1, ...
whose origami map sends X; — X; for all i.
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L-punctured origami reconstruction problem: Find an OCP with boundary

(X1,...,X%,) such that the origami map sends X; — %; and ;) — ;) for all i, p.
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@ Choose 1 < i < n and a convention (ce vs o).
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The Origami Reconstruction Algorithm works.
For all M-positive (x1,...,Xa), (¥1),---Y¥)) it outputs a valid, embedded OCP.
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o Input: P1,Ps,..., P, € R*? massless: P? := P}, + P7, — P35 — P7, =0,
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Conjecture (BCFW Triangulation Conjecture [AHT'13])

The BCFW tiles triangulate M{") and A", .

Theorem (G.'26)

This is true.

@ Special cases:

o "“T-dual amplituhedron” As(lfzol [Even-Zohar—Lakrec—Tessler '21],
[Even-Zohar—Lakrec—Parisi—Tessler-Sherman-Bennett-Williams '23],



Amplituhedron philosophy: [Hodges '09] [Arkani-Hamed-Trnka '13]:

@ Ways to run BCFW recursion — triangulations of the amplituhedron Mffz
@ Terms in BCFW recursion <— “volumes” of tiles i |n a given triangulation.

@ Singularities of A(Y) «— external boundarles of M 7 <— M-variables:

(6 =)? =0, (x = y))* = 0. (v) = Yw))?
o AW = “yolume” of the amplltuhedron ./\/lk o
@ Momentum amplltuhedron Mk n,
@ T-dual amplituhedron: Ak 2.1

Conjecture (BCFW Triangulation Conjecture [AHT'13])

The BCFW tiles triangulate M{") and A", .

Theorem (G.'26)

This is true.

@ Special cases:

o "“T-dual amplituhedron” AS(L;OL [Even-Zohar—Lakrec—Tessler '21],
[Even-Zohar—Lakrec—Parisi—Tessler-Sherman-Bennett-Williams '23],

° ME(L,,,:O) [G."24].



Amplituhedron philosophy: [Hodges '09] [Arkani-Hamed-Trnka '13]:

@ Ways to run BCFW recursion — triangulations of the amplituhedron Mffz
@ Terms in BCFW recursion <— “volumes” of tiles in a given triangulation.

@ Singularities of A(Y) «— external boundarles of M 7 <— M-variables:

(xi = x)? =0, (xi = y)* =0, (v = ¥w)?
o AW = “yolume” of the amplltuhedron ./\/lk o
@ Momentum amplltuhedron Mk n,
@ T-dual amplituhedron: Ak 2.1

Conjecture (BCFW Triangulation Conjecture [AHT'13])

The BCFW tiles triangulate M{") and A", .

Theorem (G.'26)

This is true.

@ Special cases:

o "“T-dual amplituhedron” AS(L;OL [Even-Zohar—Lakrec—Tessler '21],
[Even-Zohar—Lakrec—Parisi—Tessler-Sherman-Bennett-Williams '23],

° ./\/l L 0 [G."24].
e BCFW Trlangulat|on Conjecture <= Origami Reconstruction Algorithm works.



Amplituhedron philosophy: [Hodges '09] [Arkani-Hamed-Trnka '13]:

@ Ways to run BCFW recursion — triangulations of the amplituhedron Mffz
@ Terms in BCFW recursion <— “volumes” of tiles in a given triangulation.

@ Singularities of A(Y) «— external boundarles of M 7 <— M-variables:

(xi = x)? =0, (xi = y)* =0, (v = ¥w)?
o AW = “yolume” of the amplltuhedron ./\/lk o
@ Momentum amplltuhedron Mk n,
@ T-dual amplituhedron: Ak 2.1

Conjecture (BCFW Triangulation Conjecture [AHT'13])

The BCFW tiles triangulate M{") and A", .

Theorem (G.'26)

This is true.

@ Special cases:

o "“T-dual amplituhedron” AS(L;OL [Even-Zohar—Lakrec—Tessler '21],
[Even-Zohar—Lakrec—Parisi—Tessler-Sherman-Bennett-Williams '23],

° ./\/l L 0 [G."24].
e BCFW Trlangulat|on Conjecture <= Origami Reconstruction Algorithm works.



Dimer model and positive Grassmannian

@ Gr(k,n):={CCR"|dimC =k}



Dimer model and positive Grassmannian

@ Gr(k,n):={C cR"|dim C = k} = {C € Mat?T*=k(R)}/ GLx(R) [dim = k(n — k)].



Dimer model and positive Grassmannian

@ Gr(k,n):={C CcR"|dim C = k} = {C € Mat?T*=k(R)}/ GLx(R) [dim = k(n — k)].
@ Dimer model in a disk «— positive Grassmannian Grxq(k, n) [Postnikov '06]
Grso(k, n) == {C € MatPt*=k(R) | A;(C) > 0 for all | of size k}/ GL(R).

1 b 0 —a
C:(O c 1 d) € Gr(2,4)



Dimer model and positive Grassmannian

@ Gr(k,n):={C CcR"|dim C = k} = {C € Mat?T*=k(R)}/ GLx(R) [dim = k(n — k)].
@ Dimer model in a disk «— positive Grassmannian Grxq(k, n) [Postnikov '06]
Grso(k, n) := {C € Mat2=K(R) | A/(C) > 0 for all I of size k}/ GLx(R).

1 b 0 —a
C:(O c 1 d) € Gr(2,4)

A12(C)=C A23(C)=b A34(C):a A14(C):d
A13(C): 1 A24(C) :ac+bd



Dimer model and positive Grassmannian

@ Gr(k,n):={C CcR"|dim C = k} = {C € Mat?T*=k(R)}/ GLx(R) [dim = k(n — k)].
@ Dimer model in a disk «— positive Grassmannian Grxq(k, n) [Postnikov '06]
Grso(k, n) := {C € Mat2=K(R) | A/(C) > 0 for all I of size k}/ GLx(R).

1 b 0 —a
C:(O c 1 d) EGF>0(2,4)

Alz(C)ZC A23(C):b A34(C):a A14(C):d
A13(C): 1 A24(C) :ac+bd



Dimer model and positive Grassmannian

@ Gr(k,n):={C CcR"|dim C = k} = {C € Mat?T*=k(R)}/ GLx(R) [dim = k(n — k)].
@ Dimer model in a disk «— positive Grassmannian Grxq(k, n) [Postnikov '06]
Grso(k, n) := {C € Mat2=K(R) | A/(C) > 0 for all I of size k}/ GLx(R).

1 b 0 —a
C:(O c 1 d) EGF20(2,4)

Alz(C)ZC A23(C):b A34(C):a A14(C):d
A13(C): 1 A24(C) :ac+bd




Dimer model and positive Grassmannian

@ Gr(k,n):={C CcR"|dim C = k} = {C € Mat?T*=k(R)}/ GLx(R) [dim = k(n — k)].
@ Dimer model in a disk «— positive Grassmannian Grxq(k, n) [Postnikov '06]
Grso(k, n) := {C € Mat2=K(R) | A/(C) > 0 for all I of size k}/ GLx(R).

1 2
1 b 0 —-a
C= (0 c 1 d ) S Gr>0(2,4)

Alz(C)ZC A23(C)=b A34(C):a A14(C):d
A13(C) =1 A24(C) = ac + bd




Dimer model and positive Grassmannian

@ Gr(k,n):={C CcR"|dim C = k} = {C € Mat?T*=k(R)}/ GLx(R) [dim = k(n — k)].
@ Dimer model in a disk «— positive Grassmannian Grxq(k, n) [Postnikov '06]
Grso(k, n) := {C € Mat2=K(R) | A/(C) > 0 for all I of size k}/ GLx(R).

1 2
1 b 0 —-a
C= (0 c 1 d ) S Gr>0(2,4)

Alz(C)ZC A23(C)=b A34(C):a A14(C):d
A13(C) =1 A24(C) = ac + bd




Dimer model and positive Grassmannian

@ Gr(k,n):={C CcR"|dim C = k} = {C € Mat?T*=k(R)}/ GLx(R) [dim = k(n — k)].
@ Dimer model in a disk «— positive Grassmannian Grxq(k, n) [Postnikov '06]
Grso(k, n) := {C € Mat2=K(R) | A/(C) > 0 for all I of size k}/ GLx(R).

1 b 0 —a
C:(O c 1 d) EGF20(2,4)

Alz(C)ZC A23(C):b A34(C):a A14(C):d
A13(C): 1 A24(C) :ac+bd
4 3 Pliicker relation: A3 = A12A34 + A1ap3




Dimer model and positive Grassmannian

@ Gr(k,n):={C CcR"|dim C = k} = {C € Mat?T*=k(R)}/ GLx(R) [dim = k(n — k)].
@ Dimer model in a disk «— positive Grassmannian Grxq(k, n) [Postnikov '06]
Grso(k, n) := {C € Mat2=K(R) | A/(C) > 0 for all I of size k}/ GLx(R).

1 b 0 —a
C:(O c 1 d) EGF20(2,4)

Alz(C)ZC A23(C):b A34(C):a A14(C):d
A13(C): 1 A24(C) :ac+bd
4 3 Pliicker relation: A3 = A12A34 + A1ap3




Dimer model and positive Grassmannian

@ Gr(k,n):={C CcR"|dim C = k} = {C € Mat?T*=k(R)}/ GLx(R) [dim = k(n — k)].
@ Dimer model in a disk «— positive Grassmannian Grxq(k, n) [Postnikov '06]
Grso(k, n) := {C € Mat2=K(R) | A/(C) > 0 for all I of size k}/ GLx(R).

1 b 0 —a
C:(O c 1 d) EGF20(2,4)

Alz(C)ZC A23(C)=b A34(C):a A14(C):d
A13(C): 1 A24(C) :ac+bd
4 3 Pliicker relation: A3 = A12A34 + A1ap3

(T, wt) 1><2 1) (2 1 2
4 3 4 3 45 0N




Dimer model and positive Grassmannian

@ Gr(k,n):={C CcR"|dim C = k} = {C € Mat?T*=k(R)}/ GLx(R) [dim = k(n — k)].
@ Dimer model in a disk «— positive Grassmannian Grxq(k, n) [Postnikov '06]
Grso(k, n) := {C € Mat2=K(R) | A/(C) > 0 for all I of size k}/ GLx(R).

1 b 0 —a
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4 3 Pliicker relation: A3 = A12A34 + A1ap3
(T, wt)
@ Given a face F of ', choose a cut from F to reference face Fy.
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@ Gr(k,n):={C CcR"|dim C = k} = {C € Mat?T*=k(R)}/ GLx(R) [dim = k(n — k)].
@ Dimer model in a disk «— positive Grassmannian Grxq(k, n) [Postnikov '06]
Grso(k, n) := {C € Mat2=K(R) | A/(C) > 0 for all I of size k}/ GLx(R).

1 b 0 —-a
C:(O c 1 d) EGF>0(2,4)
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4 3 Pliicker relation: A13A01 = A1pAzs + A1alo3
(F,wt)
@ Given a face F of ', choose a cut from F to reference face Fy.

@ Multiply edge weights crossing the cut by t*! — curve Cr(t) € Grso(k, n).
@ Kenyon—Smirnov primitive: tangent point CE(t = 1) € T¢ Gr(k, n).
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@ Gr(k,n):={C CcR"|dim C = k} = {C € Mat?T*=k(R)}/ GLx(R) [dim = k(n — k)].
@ Dimer model in a disk «— positive Grassmannian Grxq(k, n) [Postnikov '06]
Grso(k, n) := {C € Mat2=K(R) | A/(C) > 0 for all I of size k}/ GLx(R).

1 b 0 —-a
C:(O c 1 d) EGF>0(2,4)

Ap(C)=c Axn(C)=>b An(C)=a Anu(C)=d
Ap3(C) =1 Dpa(C) = ac + bd
4 [8 jd] 3 Pliicker relation: A13A0 = A1pAzs + A1alo3
(F,wt)
@ Given a face F of ', choose a cut from F to reference face Fy.

@ Multiply edge weights crossing the cut by t*! — curve Cr(t) € Grso(k, n).
@ Kenyon—Smirnov primitive: tangent point CE(t = 1) € T¢ Gr(k, n).
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Dimer model and positive Grassmannian

@ Gr(k,n):={C CcR"|dim C = k} = {C € Mat?T*=k(R)}/ GLx(R) [dim = k(n — k)].
@ Dimer model in a disk «— positive Grassmannian Grxq(k, n) [Postnikov '06]
Grso(k, n) := {C € Mat2=K(R) | A/(C) > 0 for all I of size k}/ GLx(R).

1 b 0 —-a
C:(O c 1 d) EGF>0(2,4)

Ap(C)=c Axn(C)=>b An(C)=a Anu(C)=d
Ap3(C) =1 Dpa(C) = ac + bd
4 [8 jd] 3 Pliicker relation: A13A0 = A1pAzs + A1alo3
(F,wt)
Given a face F of I', choose a cut from F to reference face Fy.

Multiply edge weights crossing the cut by t*1 — curve Cg(t) € Grso(k, n).

Kenyon—Smirnov primitive: tangent point CL(t = 1) € T¢ Gr(k, n).
1 b 0 —at! , 0 00 a
Crlt) = <0 ct 1 d ) Cr1) = <o c 0 0)
@ M-positivity: rank(Cg (1) — C,/_-J(l)) > 2 <= F; and F; are 2-separated
(separated by at least 2 double-dimer paths).
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@ OCP + folding: embed ™ — R22 with Minkowski norm |x|? = %[> — |¥|2.
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@ Kenyon-Smirnov primitive: embed ™ — T¢ Gr(k, n) = Maty (n—k)(R).



X7 X6 X5 X4
“Space” (R2) “Time" (RQ)
@ OCP + folding: embed ' — R?2 with Minkowski norm |x|2 = |%|2 — |%|2.
@ (R22]-]?) = (Matayxo(R), det).
@ Kenyon-Smirnov primitive: embed ™ — T¢ Gr(k, n) = Maty (n—k)(R).

@ Every OCP is a linear projection of a Kenyon—Smirnov primitive.
[Kenyon—Lam—Ramassamy—Russkikh '18], [Chelkak—Laslier—Russkikh '21]



X = X3 = X5 = Xo= Y(2)
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OCP + folding: embed F*X5—> R?2 with IT/Iinkowski norm |x|? = %[> — |¥|2.
(R%2,]-]2) = (Matax2(R), det).

Kenyon-Smirnov primitive: embed ' — T¢ Gr(k, n) = Maty, (n—s)(R).

Every OCP is a linear projection of a Kenyon—Smirnov primitive. [KLRR'18], [CLR'21]
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OCPs: embedded in the plane, satisfy angle condition: &* =a&° =n
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(R22] - |2) = (Matax2(R), det).

Kenyon—Smirnov primitive: embed ™ — T¢ Gr(k, n) = Maty (h—i)(R).

Every OCP is a linear projection of a Kenyon—Smirnov primitive. [KLRR'18], [CLR'21]
OCPs: embedded in the plane, satisfy angle condition: &* =a&° =n
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OCPs: embedded in the plane, satisfy angle condition: &* =a&° =n
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Theorem (Origami—Amplituhedron Correspondence [G.'24])

A Kenyon—-Smirnov primitive gives rise to an embedded OCP <=
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OCP + folding: embed F*X5—> R?2 with IX\‘)Iinkowski norm |x|? = %[> — |¥|2.

(R22] - |2) = (Matax2(R), det).

Kenyon—Smirnov primitive: embed ™ — T¢ Gr(k, n) = Maty (h—i)(R).

Every OCP is a linear projection of a Kenyon—Smirnov primitive. [KLRR'18], [CLR'21]
OCPs: embedded in the plane, satisfy angle condition: &* =a&° =n

Kenyon—Smirnov primitives: not necessarily embedded, 4°* = &° = 7 (mod 27)

Theorem (Origami—Amplituhedron Correspondence [G.'24])

A Kenyon—-Smirnov primitive gives rise to an embedded OCP <—

its R*2-boundary polygon belongs to momentum amplituhedron MS(LZO),

,n
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T-duality for planar bipartite graphs

@ [G. '16], [G.—Postnikov—Williams '19], [Balitskiy—Wellman '19],
[Lukowski—Parisi-Williams '20], [Parisi-Sherman-Bennett-Williams '21].

@ [G. '26] This works as long as I satisfies a Hall-type condition (any d black
vertices are connected to at least d + 2 white vertices).

@ [G. '26] Also works for weighted graphs: (I',wt) — (I, wt).

@ Faces of I correspond to pairs of black vertices in r.
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Theorem (T-duality [G."26])

For each face F; of ', let B,- consist of any two black vertices incident to F;.

® Boundary measurements of (I',wt) and (', wt) are related by the magic
projector Grso(k, n) — Gr>o(k — 2, n) of [Arkani-Hamed—Cachazo—Cheung '10].

@ The tangent point C¢ (1) is related to (I"\ b;,wt) by an explicit formula.

o F; and F; are 2-separated <— T \ (b; U bj) admits a perfect matching
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