Totally Nonnegative Matrices and
Zeros of Poset-polynomials

Petter Branden
KTH Royal Institute of Technology

based on joint work with
Leonardo Saud Maia Leite and Lorenzo Vecchi

Combinatorics at the Conf3uence
Pittsburgh, July 20D22, 2026






Plan
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' Let G=(V,E) be a graph.

I A setS of vertices is calleindeperdent if it does not contain
both vertices of an edge.
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Let G =(V,E) be a bnite graph.

A set S of vertices isindeperdent if it does not contain both
vertices of an edge.

The indeperdence polyncmial or the pattition function of the
Harc-core repulsive lattice-gas model (HRM):
| v
Ig(t) = tSh = i (G) at~.
S independent k=0

The zeros of (multivariate) partition functions are important
In the study ofphast¢ transitions (LeebYang, 1952).

Since HRM models repelling particles one would expect
necative deperdence properties olis(t)?
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V, modeling sets of occupied sites of identical particles.
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Supposeu Is a probability measure on subsets of a Pnite set
V, modeling occupied sites of repelling particles.

Debne therank sequence ofu.:
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Univariate negative dependence inequalities.

I Supposeau is a probability measure on subsets of a Pnite set
V, modeling occupied sites of repelling particles.

! Debne therank sequence ofu:

« = () = Plexactlyk sites are occupidd
' Unimodaity: rg! ri'adaal! " rm+1 " rmo "aaa
| Log-corcanity: r2" rg 1fks1, forO< k< n=|V]|.

| The polynomialrg + rit + rot? + 444 rat" is rea-rooted, i.e.,
all of its zeros are real.
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coelcients of the independence polynomial can have
arbitrarily many peaks.
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polynomial of a line graph is real-rooted.




Alavi, Malde, Schwenk, Erdg&987): The sequence of
coelcients of the independence polynomial can have
arbitrarily many peaks.

The independent sets In thline graph L(G) correspond to
matchings inG.

Theorem(HeillmannbLieb, 1972). The independence
polynomial of a line graph is real-rooted.

Theorem(ChudnovskybSeymour, 2007). The independence
polynomial of aclaw-free graph is real-rooted.
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I LetP =(V,!) be a bnite partially ordered set (poset).

"a\.

f




I LetP =(V,!) be a bnite partially ordered set (poset).

I The anti-acjacenc) graph, Gp, of a posetP is the graph onVv
where{Xx,y} Is an edge i"x andy arenot related inP.




I LetP =(V,!) be a bnite partially ordered set (poset).

I The anti-acjacenc) graph, Gp, of a posetP is the graph onVv
where{Xx,y} Is an edge i"x andy arenot related inP.

' S# V isindependent irGp i" S is achain inP, i.e., a
totally ordered subset oY/ .



The chair polynamial of P is the independence polynomial Gb:
1V
cp(t)=  c(P) atk,
k=0
wherecy (P) is the number of chains of siZe in P.

be -

l cp(t)=1+5t+7t2+3t3=(1+3t)(1+ t)(1+ t).



The chair polynamial of P is the independence polynomial Gb:
1V
cp(t)=  c(P) atk,
k=0
wherecy (P) is the number of chains of siZe in P.

be -

l cp(t)=1+5t+7t2+3t3=(1+3t)(1+ t)(1+ t).

I Hence the chain polynomials is tif -polyncmial of the order
conplex of P.



I A matrix R = (rnk)\ k= iS Unitriangular if it is lower
triangular and all diagonal elements are equal to 1.
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A matrix R = (ry k)N =0 is Unitriangular if it is lower
triangular and all diagonal elements are equal to 1.

The chair polynamials associated td&R are (| = identity)
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0
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Equivalently,pp(t) = 1, and
n' 1
pn(t) =t i apk(t), n" 1
k=0
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A matrix R = (ry k) =0 is unitriangular if it is lower
triangular and all diagonal elements are equal to 1.

The chair polynamials associated td&R are (| = identity)
( ) | n * +
pa(t) = (IS tRSN) Y ;= t° (RSN n

0
k=0

Equivalently,pp(t) = 1, and
n' 1
pn(t) =t i apk(t), n" 1
k=0

Example If rp %1, thenp,(t) = t(1+ t)™ 1,
Example If rx % ¢, then
po()= Ktk

k=1
01

where | is aStirling number of the second kind.



I A matrix with real entries istotally nornecative (TN) if every

minor IS nonnegative.

! Important in linear algebra, statistics, analysis, geometry,

combinatorics and physics.
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I A matrix with real entries istotally nornecative (TN) if every

minor IS nonnegative.

! Important in linear algebra, statistics, analysis, geometry,

combinatorics and physics.

T - 3 t
W % \f.3 F
™ - 5 -«
1% / \ A. ?
o .

Felix Gantmacher, Mark Krein, Isaac Schoenberg, Samuel Karlin

Theorem(B., Saud, 2026). IfR Is unitriangular andTN, then all
zeros ofp,(t) are real and located in the interva$[l, O].



' {a}/,, & R is aPelye frequenc' sequence (PF) if the
Toeplitz matrix (& j); -, is TN, wherea, =0 if k < 0.
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{a}i, & R is aPelye frequenc) sequence (PF) if the
Toeplitz matrix (& j); -, is TN, wherea, =0 if k < 0.
Theorem(Aissen, Schoenberg, Whitney, Edrei, Thoma).
{a}ieo & Ris PFi"

!" 2 1 + | . 7
f(z)=  ayz"= CNe'? 1$;_‘ ,
n=0 =1 i
\\.)q/hlereC,#,! i,"i are nonnegative real numberll,' N, and

i) < (.
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n=0
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3 n
Letf(z) = -5 az"' RI[z]] be a formal power series, and
consider

1 !" ni
1$tf@$f0) fn(t)z7" Rllz, ]
Equivalently,
|n |
fu(t) = t& 8n, An, 4 A,

k=0 (nl ..... nk)#ZEO

Theorem(B., Saud, 2026). If{an} -, is PF, thenf,(t) is
real-rooted.

A special case was conjectured by Forgacs and Tran (2016).



Poset terminology

I Let P be a partially ordered set (poset).

! P has aleas element0if 0! x for all 7
X' P.

| P has agreaiesi element @ if x ! @ for :
all x' P. ) )

' A posetP with O isgraded if there
exists arank function $: P ) N s.t. /

' $(0) =0, 0

L $(y) = $(x)+ 1if y coversx.
' Aninterval in a posetP is a subposet of the form

X,y]={z' P:x! z! y}, wherex! y"' P.

>
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| A graded poseP with 0 is calleduniform if there is a matrix
R(P) = (rnk(P))p k=0 Such that

there are exactly,  (P) elements of rank below each
element of rankn.
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| A graded poseP with 0 is calleduniform if there is a matrix
R(P) = (rnk(P))p k=0 Such that

I there are exactly, x (P) elements of rankk below each
element of rankn.

Yy flyl="r
VAN /
[
. to o f(x)=h RKPJ = /
[
l
v

' R(P) is unitriangular.
I For examplebinamial posets ancShefer posets are uniform.



Example: Simplicial complexes

I Recall that an (abstract)sinrplicial corrplex on a bnite vertex
setV Is a collection # of subsets oV, for which

(1) {v}' #foreachv' V, and
(2) If %# &and &' #, then %' #.
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! Each interval [ , % is isomorphic to theboolear algebra B,
of rankm =# %



Example: Simplicial complexes

I Recall that an (abstract)sinplicial conrplex on a Pnite vertex

setV Is a collection # of subsets oV, for which

(1) {v}' #foreachv' V, and

(2) if %# &and &' #, then %' #. ﬁ\.
p )

I #is a uniform poset, with containment of faces as partial

order.

Each interval | , % is isomorphic to theboolear algebra By,
of rankm =# %

| rn,k(#): ’lr(]-



Example: Cubical complexes

| A cubical corrplex is a poset for which each intervd, k] is
Isomorphic to the face lattice of a cube of the appropriate
dimension.

I For example face lattices ccubical polytopes.




Example: Cubical complexes

| A cubical corrplex is a poset for which each intervd, k] is
Isomorphic to the face lattice of a cube of the appropriate
dimension.

I For example face lattices ccubical polytopes.

l rak(P) =20 K Q:i,fork 1.
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Example: Projective geometries ampagomplexes

! Let Fq be a bnite beld witly elements.
I Let Bn(q) be the projective geometry of all subspaces ofF.

| A g-comrplex is a uniform poseP for which B, X] = B. x)(Q),
for eachx ' P.

' rk(P)= ) .+ @ Gausiar bincmial coefkcient.



' If P is uniform andR = R(P), then
C[Q’X](t) = %(1+ t)%pn(t), whenever$(x) = n> 1.
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polynomials of the lower intervals 1.
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If P is uniform andR = R(P), then
C[Q’X](t) = %(1+ t)%pn(t), whenever$(x) = n> 1.

Hence the chain polynomials &(P) are essentially the chain
polynomials of the lower intervals 1.

A uniform posetP is callec TN if R(P) is TN.

Corollary(B., Sgud, 2026). The chain polynomial of a
TN -poset with® is real-rooted.



Examples off N-posets

A posetP is pure if all maximal elements have the same rank.

| # +{®, where # is a puresirmrplicial corrplex with
nonnegativeh-vector.

# +{®, where # is a purecubical corrplex with nonnegative
h-vector.

# +{®}, where # is a pureg-comrplex with nonnegative
h-vector.

I (rank-) uniform geometric lattices.
! Duals ofpattition lattices andDowling lattices.
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The face posetF(P) of a corvex polytope P are the faces of
P ordered under containment.

a

Conjecture(Brenti-Welker, 2008). The chain-polynomial of
F(P) Is real-rooted.

! Theorem(B., 2006, Brenti-Welker, 2008). True iP is
sinrplicial, i.e., all the faces are simplices.

! Theorem(Athanasiadis, 2021). True iP is cubical, i.e., all the
faces are (hyper-)cubes.

m




LetV = {vq,...,Vvn} be a set of vectors in a linear spatk

Let L be the poset of all subspaces Ofthat are generated by
vectors inV.
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L Is ageometiric lattice.
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/4 // N
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/
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L Is ageometiric lattice.

Conjecture(Athanasiadis, Kalampogia-Evangelinou, 2023).
The chain polynomial of any geometric lattice is real-rooted.



I LetV = {vq,...,Vn} be a set of vectors in a linear spatk

I Let L be the poset of all subspaces Udfthat are generated by
vectors inV.

a4 e d>
/' P N
/ 54 {ah> <a,c? <a,d> <bic,d>
5 KIS
o <LV> DR s

! L is ageomeitric lattice.
I Conjecture(Athanasiadis, Kalampogia-Evangelinou, 2023).
The chain polynomial of any geometric lattice is real-rooted.

' Theorem(B., Saud, 2026). True for (rank-) uniform
geometric lattices, Dowling lattices, and paving lattices.



Main idea of proof

OResolve (linearize) unitrianguldd -matricesO



Theorem(B., S., 26). LetR = ( rn,k)ll’\lI,k:O be unitriangular. TFAE
(TN) TN: R is totally nonnegative.

(RS) Resohable: There are polynomiaR, k(t), 0! k! n! N,

and nonnegative real numbers, x for which
! n

¥ Rho(t) = mktX,  Othe row-generating polynomialO

k=0
| N

¥ Rya k()= t™+ 1 iAR (1), forO! k! n+1.
=k



Proof sketch of @\(t) is real-rootedO

! LetR = (rx)nk=o b€ a unitriangularTN -matrix.
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Proof sketch of @\(t) is real-rootedO

! LetR = (rx)nk=o b€ a unitriangularTN -matrix.

I Recall thatTN is equivalent to the existence of polynomials

Rn,k(t)
¥ Roo(t) = (oo Mnkg", and
¥ Ry k()= t"+ — 1 " i8Ry (t), for 0! k! n+1. (()

|
' Recallpp(t) =1 and
n' 1

pa(t) =t o dpi(t) ((()
k=0
! Debne thesukdivisior operator SD : R[t]) R[t] associatedR
by SD(t") = pn(t), and dePnepnk(t) = SD(Rnk(t)).

' By (() and (((),

k! 1 I N

et k() =t T dpn (1) +(@+ t) " &pn(t)
=0 j=k
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! The Euerian polyncmials, andderangement polyncmials are
I I

Hn(t) = ' t&¢(#)  and dn (1) = ' texc(#)’ where
##Sn ##Dn

¥ S, Is the symmeltric group of permutations of1,2,...,n},

¥ D Is the set ofderangements, i.e., bxed point free
permutations, and

¥ exd9% = |{1:9%i) > 1}| is the number olexcedances.
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I I
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##Sn ##Dn

¥ S, Is the symmeltric group of permutations of1,2,...,n},

¥ D Is the set ofderangements, i.e., bxed point free
permutations, and

¥ exd9% = |{1:9%i) > 1}| is the number olexcedances.
I Hp(t),dn(t), n' N, satisfy

1. Ho(t) = do(t) = 1,

2. t" TH,(1/t) = Hu(t), foreach 0< n! N,
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4. Ha(t) =~ P & adk(t), foreach 0! n! N.



! The Euerian polyncmials, andderangement polyncmials are
I I

Hn(t) = ' t&¢(#)  and dn (1) = ' texc(#)’ where
##Sn ##Dn

¥ S, Is the symmeltric group of permutations of1,2,...,n},

¥ D Is the set ofderangements, i.e., bxed point free
permutations, and

¥ exd9% = |{1:9%i) > 1}| is the number olexcedances.
I Hp(t),dn(t), n' N, satisfy

1. Ho(t) = do(t) =1

2. t" TH,(1/t) = Hu(t), foreach 0< n! N,

3. t”dn(llté dn(t) foreach O n! N,

4. Hp(t) = o adk(t) foreach 0! n! N.

! Propertlele4deI3neHn(t) and dn(t) uniquely.



The Chow polynomial of a matrix

Theorem/DebnitiorfB., Vecchi, 2025+). LetR = (ry k)nk _o be
unltrlangular There are two unique sequences of polynomials

{Hn()} N, and{dn(t)} _o Satisfying
1. Ho(t) = do(t) =
2. t™ H,(1/t) = H (t) for each O< n! N,
3. t”dn(llté dn(t), foreach 0! n! N,
4. Hp(t) = .o Mkadk(t), foreach 0! n! N.



The Chow polynomial of a matrix

Theorem/DebnitiorfB., Vecchi, 2025+). LetR = (ry k)nk _o be
unltrlangular There are two unique sequences of polynomials

{Hn()} N, and{dn(t)} _o Satisfying
1. Ho(t) = do(t) =
2. t™ H,(1/t) = H (t) for each O< n! N,
3.t ndm(llté dn(t), foreach 0! n! N,
4. Hp(t) = .o Mkadk(t), foreach 0! n! N.

Moreover forn" 1,

40 5

dn(t) = tSn 1 mk adg(t) , where
k=0

EF(1/ 1) $ f (1)

Sn(f): t$1




The augmented Chow polynomial of a matrix

Theorem/Debpnition(B., V., 2025+). Let R = (k) - be
unitriangular. There are two unique sequences of polynomials

{Gn(t)}nzo and {An(t)} o satisfying
1. Ao(t) = Go(t) =1,
2. t"G,(1/t) = Gy(t), for each 0! n! N,
3. t”+1An(13/t) = An(t), foreach O< n! N,
4. Go(t) = = k= Mk 8Ak(t), for each 0! n! N.

Moreover, forn" 1,

40 5

An(t) = tSy Mk QA (1)
k=0



The augmented Chow polynomial of PascalOs triangle

I LetR =( k)nko

1. Ao(t) = Go(t) =

2. t"G,(1/t) = Gn(t) foreach O! n! N,

3. t”*lAn(lét) = Aq(t), for each 0< n! N,

4. Gh(t)= ¢ ¢ 8AK(t), foreach O! n! N.

! These are satisbed by ttEulerian polyncmials

!
An(t) — texc(#)+1 | n> O,
##Snh

and the Binamial Eulerian polyncmials

Gn(t) =
k=0

‘ aA(t),

studied by Postnikov, Reiner, Williams, Shareshian, Wachs,
Chung, Graham, Knuth, ...



" We call the polynomials associated R
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dn(t) Chow-derangement polynamials
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An(t) Chow-Eulerian polyncmials

' If P is a uniform atomistic lattice, then the polynomials
associated taR(P) are Hilbert-Poincar« series of the
(augmented)Chow ring of P debPned by Feichtner-Yuzvinsky;,
2004.



" We call the polynomials associated R
' H,(t) Chow polyncmials
' d,(t) Chow-derangement polyncmials
' G,(t) Augmentec Chow polynacmials
' An(t) Chow-Eulerian polyncmials
' If P is a uniform atomistic lattice, then the polynomials
associated taR(P) are Hilbert-Poincar« series of the
(augmented)Chow ring of P debPned by Feichtner-Yuzvinsky;,
2004.

I Conjecture(Huh & Stevens 2021, Ferroni & Schreter 2024).
The Chow polynomials and augmented Chow polynomials of
geometric lattices are real-rooted.



' Theorem(B., V., 2025+). If R is TN, then the polynomials

{Hn(D)}oo, {dn(D)}hzo. {Ga(D)}nso and {An(t)} s
are real-rooted.



Theorem(B., V., 2025+). If R is TN, then the polynomials
{Hn(t)}rl\]IZO! {dn(t)}hl:O! {Gn(t)}hlzo and {An(t)}wzo
are real-rooted.

Theorem(B., V., 2025+). The (augmented) Chow
polynomial of aTN-poset is real-rooted.

Theorem(B., V., 2025+). The (augmented) Chow
polynomial of a paving lattice Is real-rooted.

Theorem(Coron, Ferroni, Li, 2025+). The (augmented)
Chow polynomial of UMEL-shellable posets are real-rooted.



Let {an}',gzog& R, whereag = 1.
Letf(z)= .o anz"' R[[z]]

Let R = (an k)'r'1,k:0’ and consider the generating functions of
the various Chow polynomials associatedRo

1" "

D(z,t)=  dn(t)z", H(z,t)=  Hn(t)z",
n=0 n=0
1" 1"

A(z,t) = A1)Z",  G(z,t)=  Gy(t)z"
n=0 n=0



Let {an}',gzog& R, whereag = 1.
Letf(z)= .o anz"' R[[z]]

Let R = (an k)'r'1,k:0’ and consider the generating functions of
the various Chow polynomials associatedRo

1" "

D(z,t)=  dn(t)z", H(z,t)=  Hn(t)z",
n=0 n=0
1" 1"

A(z,t) = A1)Z",  G(z,t)=  Gy(t)z"
n=0 n=0

Corollary For Pelya frequency sequencgs} o, the
polynomialsdn(t), Ha(t), An(t), Go(t) are real-rooted.



3 st -

b(z,1) . (2" = Fay s 1 (2 *\"L\ =

: 1 T

1$  goan(t+t2+ a4 tn )zn e,
3 (1$ t)f (2)

H(z,t) = . Hn(t)z" = f(tz) $ tf (2)
"
! o (1% ()
A(z,1) = B An(Z7= 208 1 ()
"
B 2~ (18 O (2)f (2)
G(z,1) = B &2 = T st @)

I Forag = e(X1,X2,...) and ac = hg(Xq, Xo,...), these have
been studied by e.g. Stanley, Brenti, Stembridge, Shareshian
and Wachs.
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I Conjecture Let) g(t) be the chrcmatic polyncmial of a

graph onn + 1 vertices. Then
| N

t"™ $ ) g(t) = ha™ K(t)y,
k=1

wherehy " O for allk, and t)x = t(t$ 1)aa@ $ k +1).



Conjecture Let) g(t) be the chrcmatic polyncmial of a

graph onn + 1 vertices. Then
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t"™ $ ) g(t) = ha™ K(t)y,
k=1

wherehy " O for allk, and t)x = t(t$ 1)aa@ $ k +1).

Theorem(B., Saud, 26). The convex hull of all characteristic
polynomials) y (t) of all hyperplane arrangements in Fj is

a simplex generated by

th,

t™ Lt $ 1),

t" 2t $ (S q),

t" 3t $ 1)t S gt S g?),

t(t$ 1)aa@ $ gqm 1)
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