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Matching and perfect matching
Given a graph G = (V,E),
@ a matching M C E is a set of vertex-disjoint edges

@ a matching M is perfect if every vertex in V is incident to an edge in M

'.'b\/@

Obstacles for large matchings

> isolated vertices, cherries, odd components, - - -



Sharp threshold for perfect matching
G ~ G(n,p) abinomial random graph

[ ERDOS—RENYI 66 ], [ BOLLOBAS—THOMASON 1985 |
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Sharp threshold for perfect matching
G ~ G(n,p) abinomial random graph

[ ERDOS—RENYI 66 ], [ BOLLOBAS—THOMASON 1985 |

Let
_ Inn + c(n)

n
Then

P[G contains a perfect matching | “—

N {o if c(n) — —oo

1 if ¢(n) - +o0

+x  What about a maximum matching in a sparse random graph,
when np = ¢ €RT ?



Maximum matching
Given a graph G = (V,E),

@ a maximum matching is a matching that contains the largest number of

possible edges

® v(G) = |amaximum matchingin G| = matching number of G



Maximum matching
Given a graph G = (V,E),

@ a maximum matching is a matching that contains the largest number of

possible edges

@ v(G) = ‘a maximum matching in G| = matching number of G
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@ Key observation

3 pendent edge e € E — 3 maximum matching containing e



Karp-Sipser algorithm

Phase 1: greedy leaf-removal process
Input: agraphG= (V,E) and M =(
> while 3 a leaf, i.e., a vertex x of degree one
remove it together with its unique neighbour y
( so the vertices x,y form a pendent edge e = {x,y} in G )
G+ G\ {x,y} and M+ MU {e}
> remove all isolated vertices

Output:  Karp-Sipser core G; = (Vi,E1) and a matching M,
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Karp-Sipser algorithm

Phase 1: greedy leaf-removal process
Input: agraphG= (V,E) and M =(
> while 3 a leaf, i.e., a vertex x of degree one
remove it together with its unique neighbour y
( so the vertices x,y form a pendent edge e = {x,y} in G )
G+ G\{x,y} and M+ MU {e}
> remove all isolated vertices

Output:  Karp-Sipser core G, = (Vi,E1) and a matching M,
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Karp-Sipser algorithm

Phase 2: greedy edge-removal process

Input: Karp-Sipser core G, = (Vi,E;) and a matching M,

> while 3 an edge
select randomly an edge ¢ = {x,y}

G+ G \{x,y} and M+ MU {e}

Output: a matching M

Karp-Sipser core G; eZX .L\.
] A

Matching M| = {e1, ez, €3, e4, €5, €6 }



Karp-Sipser algorithm
Phase 2: greedy edge-removal process
Input: Karp-Sipser core G, = (Vi,E;) and a matching M,

> while 3 an edge
select randomly an edge ¢ = {x,y}

G+ G \{x,y} and M+ MU {e}

Output: a matching M

EZX 0\ e7 €6
e3
81] eg ey V

Matching M = {61, ey, e3,e4,es,e6,67, 63}



Part Il.

Matching number of Erdos-Rényi random graph



Typical matching number

G ~ G(n,p) abinomial random graph

v(G) matching number of G

np=c €RT constant

Convergence in probability [ KARP-SIPSER 1981 ]

@ foreverye >0,

. v(G) _
,}L‘EOPHn/z_”” >e] =0
where ve = 1 — %(tc + exp(—ctc) + cte exp(—ctc))

and 1 € [0,1] isthe smallest root of = exp (— cexp(—ct))



Typical matching number

G ~ G(n,p) abinomial random graph

v(G) matching number of G

np=c €RT constant

Convergence in probability & weak law of large numbers | kare-sipser 1981

@ foreverye >0,

. v(G) _
,}L‘EOPHn/z_”” >e] =0
where ve = 1 — %(tc + exp(—ctc) + cte exp(—ctc))

and 1 € [0,1] isthe smallest root of = exp (— cexp(—ct))

@ whp E[v(G)] = ven/2 + o(n)



Central limit theorem

G ~ G(n,p) abinomial random graph
v(G) matching number of G

np =c€RT constant

Conijecture for central limit theorem [ ARONSON—FRIEZE-PITTEL 1998 ]
v(G) — E[W(G)] 4 N0, 1)

Verified for

@ c<l1 [ Pittel 90 ]



Central limit theorem

G ~ G(n,p) abinomial random graph
v(G) matching number of G
np =c€RT constant

Conijecture for central limit theorem [ ARONSON—FRIEZE-PITTEL 1998 ]

v(G) — EM(G)] _«

— N(0,1)
V[ (G)]
Verified for
@ c<l1 [ Pittel 90 ]
@c>e [ Kreacgi¢ 2017 ]

@c>0 [ Glasgow—Kwan—Sah—Sawhney 2025 ]



Local central limit theorem

G ~ G(n,p) abinomial random graph
v(G) matching number of G

np =c €R" constant

Work in progress [ ANASTOS—ERDE—K.~PFENNINGER |

For appropriate ranges of k € N,

Plv(©) = k] = 1+ o) Sets)

)] Y (‘ 2V v(G)]



Part lll.

Karp-Sipser core of Erdés-Rényi random graph



Typical size of Karp-Sipser core

G ~ G(n,p) abinomial random graph

np=c €RT constant

u(G) = | V(Karp-Sipser core of G) |

e-phenomenon & weak law of large numbers [ KARP—SIPSER 1981 |

@ for every e > 0,

lim P[ HE) — e | > 5} =0
n— oo n
where pe = (te —exp(—ctc)) (1 — cexp(—ctc)) - Le>e

and 1 € [0,1] isthe smallest root of = exp (— cexp(—ct))

@ whp E[n(G)] = men + o(n)



Subcritical and critical regimes

G ~ G(n,p) abinomial random graph
np =c€RT constant

1(G) = | V(Karp-Sipser core of G) |

Poisson regime [ ARONSON—FRIEZE—PITTEL 1998 ]

If ¢ < e, then

1(G) converges in distribution to a sum of Poisson random variables



Subcritical and critical regimes

G ~ G(n,p) abinomial random graph
np =c€RT constant

1(G) = | V(Karp-Sipser core of G) |

Poisson regime [ ARONSON—FRIEZE—PITTEL 1998 ]

If ¢ < e, then

1(G) converges in distribution to a sum of Poisson random variables

Sublinear regime: conjecture [ BAUER-GOLINELLI 01 ]
If ¢ =e, then w(G) = o)
Verified for

@ arandom graph with degrees 1,2,3 [ BUDZINSKI-CONTAT-CURIEN 25 ]



Local central limit theorem

G ~ G(n,p) abinomial random graph
np > C for large constant C > e

1(G) = |V(Karp-Sipser core of G) |
[ ANASTOS—ERDE—K.—PFENNINGER 26+ ]

For appropriate ranges of k € N,

(k—E [M(G)])2>

P[u(G) = k] = (Hw(lDWeXP (_ 2V [u(G)]



Part IV.

Extensions



Universality of matching number

(Gu)nen @ sequence of random graphs
whose Benjamini-Schramm local weak limit is

Galton-Watson tree with Po(c) for constant ¢ € Rt



Universality of matching number

(Gu)nen @ sequence of random graphs
whose Benjamini-Schramm local weak limit is

Galton-Watson tree with Po(c) for constant ¢ € Rt

v(Gy) matching number of G,

[ LELARGE 2013 ], [ BORDENAVE-LELARGE-SALEZ 2013 ]

nlirgo 1/’(17;) = v = 1—a12[%§] Do () in probability

where @.:[0,1] — [0,1], @ — ®.(«), is Bethe free entropy defined as

Pe(a) = —1+exp (—cexp(—c(l — ) + (1 + (1 — @) exp(—c(1 — v)))

> true in more general setting

> recursive distributional equation



Universality of size of Karp-Sipser core

(Gu)nen @ sequence of random graphs
whose Benjamini-Schramm local weak limit is

Galton-Watson tree with Po(c) for constant ¢ € Rt

w(Gn) = |V(Karp-Sipser core of Gy) |

Convergence in probability [ CHATTERJEE—LEE—ZHU 2025+ ], [ LIU 2025+ |
G . .
lim #(Gn) = e in probability
n—oo n

> true in configuration model with arbitrary degree distribution

> Warning/Belief propagation message passing algorithms



Random subgraphs

Given a graph Gand p € (0, 1),

Gy

= arandom subgraph of G with edge-percolation probability p

= arandom subgraph of G obtained by retaining each edge of G
independently with probability p



Random subgraphs

Given a graph Gand p € (0, 1),
G, = arandom subgraph of G with edge-percolation probability p

= arandom subgraph of G obtained by retaining each edge of G
independently with probability p

For example,
K, = G(np)
= arandom subgraph of the n-vertex complete graph K"

with edge-percolation probability p

0% = arandom subgraph of the d-dimensional binary hypercube Q°
with edge-percolation probability p



perfect matching in random subgraphs

[ ERDOS—RENYI 66 |, [ BOLLOBAS—THOMASON 1985 |

p= thn is a sharp threshold for a perfect matching in K’



perfect matching in random subgraphs

[ ERDOS—RENYI 66 |, [ BOLLOBAS—THOMASON 1985 |

p= thn is a sharp threshold for a perfect matching in K’

[ BoLLOBAS 1990 ]

p= % is a sharp threshold for a perfect matching in %,



Almost perfect matching in random subgraphs

[ ERDOS—RENYI 66 |, [ BOLLOBAS—THOMASON 1985 |

p= thn is a sharp threshold for a perfect matching in K’

[ BoLLOBAS 1990 ]

p= % is a sharp threshold for a perfect matching in %,

[ DiISKIN—-ERDE—K.—KRIVELEVICH 2026 ]
If dp > C for large constant C € R, then whp

(1-oc(1) 27" < w(@)) < 27



Matching number

approx. d-regular n-vertex graph with deg(v) = (1 + 04(1))d



Matching number

G approx. d-regular n-vertex graph with deg(v) = (1 + 04(1))d
G, random subgraph of G with edge-percolation probability p

dp = c € Rt constant and d = w(1)

Local weak limit [ DISKIN=K.—LICHEV 2025 ]

Benjamini-Schramm local weak limit of G, is Po(c) Galton-Watson tree



Matching number

G approx. d-regular n-vertex graph with deg(v) = (1 + 04(1))d
G, random subgraph of G with edge-percolation probability p

dp = c € Rt constant and d = w(1)

Local weak limit [ DISKIN=K.—LICHEV 2025 ]

Benjamini-Schramm local weak limit of G, is Po(c) Galton-Watson tree

Consequence: convergence in probability [ DISKIN-K.~LICHEV 2025 ]
nli%o Vr(l%) = v = 1—;161%?5] ®.(a) in probability
lim Gn) _ e in probability

n— oo n



Part V.

Summary and open problems



Matching number of ER random graph

G ~ G(n,p) abinomial random graph
v(G) matching number of G

np =c€RT constant

Convergence in probability [ KARP-SIPSER 81 ], [ BORDENAVE—LELARGE—SALEZ 2013 |

. v(G) . .
1 =v =1-— e
Jim 02 v angﬁ] D () in probability




Matching number of ER random graph

G ~ G(n,p) abinomial random graph
v(G) matching number of G

np =c€RT constant

Convergence in probability [ KARP-SIPSER 81 ], [ BORDENAVE—LELARGE—SALEZ 2013 |
. v(G) . .
lim = v, = 1 — max P.(« in probabilit
n— oo n/2 ¢ agl0,1] C( ) 2 Y

Central limit theorem [ PiTteL 90 ], [ KREAGIG 2017 |, [ GLASGOW-KWAN—SAH-SAWHNEY 2025 |

4 N(0,1)

Local central limit theorem [ ANASTOS—ERDE—K.—PFENNINGER 26+ |

(k—E [M(G)])2>

P[N(G) = k] = (1+0n(1))mexp (_ 2V [1(G)]



Matching number of random subgraph of Q¢

o) random subgraph of 0/ with edge-percolation probability p
v(Q%) matching number of Q%

dp = c € R" constant and d = w(l)

Convergence in probability [ DISKIN-K.—LICHEV 2025 |

lim V() = v, = 1 — max ®.(a) in probability

d—oo 2d-1 a€lo,1]




Matching number of random subgraph of Q¢
Q",, random subgraph of 0 with edge-percolation probability p
v(Q%) matching number of Q%

dp = c € R" constant and d = w(l)

Convergence in probability [ DISKIN-K.—LICHEV 2025 |
: V(de) . -
dliglo vt = Ve = 1— atlel[aoﬁ] D () in probability

Stronger limit laws for v(Q%)

Q. Central limit theorem ?

Q. Local central limit theorem ?



Karp-Sipser of ER random graph

G ~ G(n,p) abinomial random graph

u(G) = | V(Karp-Sipser core of G) |

Convergence in probability

If np=c € R constant, then

im 4G _
n— 00 n

[ KARP-SIPSER 81 ]

in probability



Karp-Sipser of ER random graph
G ~ G(n,p) abinomial random graph

u(G) = | V(Karp-Sipser core of G) |

Convergence in probability [ KARP-SIPSER 81 ]

If np=c € R constant, then

H(G)

lim ——= = in probabili
BT S E probaily
Local central limit theorem [ ANASTOS—ERDE—K.—PFENNINGER 26+ ]

If np > C forlarge constant C € RT, then

P[u(G) = k] = (1+0,(1) w>

WV G)] Y <_ 2V [u(G)]



Karp-Sipser of random subgraph of hypercube

4 random subgraph of 0 with edge-percolation probability p
dp = c € RT constant and d = w(1)

u(@%) = | V(Karp-Sipser core of 0%) |

Convergence in probability [ DiSKIN-K.—LICHEV 2025 ]

d
lim /J(Q p)

d—r oo 2d

= U in probability



Karp-Sipser of random subgraph of hypercube

4 random subgraph of 0 with edge-percolation probability p
dp = c € RT constant and d = w(1)

u(@%) = | V(Karp-Sipser core of 0%) |

Convergence in probability [ DiSKIN-K.—LICHEV 2025 ]
d
Jim u(szp ) _ He in probability
—00

Stronger limit laws for 1.(Q%)

Q. Central limit theorem ?

Q. Local central limit theorem ?



