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Roadmap

Can we define a ring with nice algebraic properties for every poset?

1. Chow rings of matroids and the Kähler package.
2. Chow polynomials of posets and Feichtner–Yuzvinsky

monomials.
3. Our result. Realization via the 𝑔-theorem.
4. Consequences.

Joint work with Adam Schweitzer (KTH).
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Chow rings
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The matroid Chow ring

Let M be a loopless matroid and let ℒ(M) be its lattice of flats.

Feichtner and Yuzvinsky define

CH•(M) = ℝ[𝑥𝐹 : ∅ ≠ 𝐹 ∈ L(M)]/(𝐼M + 𝐽M),

where

𝐼M =

〈∑︁
𝐹∋𝑖

𝑥𝐹 : 𝑖 ∈ 𝐸

〉
𝐽M = ⟨𝑥𝐹𝑥𝐺 : 𝐹, 𝐺 incomparable⟩,

This ring is a combinatorial analogue of the Chow ring of a smooth
projective variety.
Monomials that do not vanish are supported on chains of flats.

3 / 29



The matroid Chow ring

Let M be a loopless matroid and let ℒ(M) be its lattice of flats.
Feichtner and Yuzvinsky define

CH•(M) = ℝ[𝑥𝐹 : ∅ ≠ 𝐹 ∈ L(M)]/(𝐼M + 𝐽M),

where

𝐼M =

〈∑︁
𝐹∋𝑖

𝑥𝐹 : 𝑖 ∈ 𝐸

〉
𝐽M = ⟨𝑥𝐹𝑥𝐺 : 𝐹, 𝐺 incomparable⟩,

This ring is a combinatorial analogue of the Chow ring of a smooth
projective variety.
Monomials that do not vanish are supported on chains of flats.

3 / 29



The matroid Chow ring

Let M be a loopless matroid and let ℒ(M) be its lattice of flats.
Feichtner and Yuzvinsky define

CH•(M) = ℝ[𝑥𝐹 : ∅ ≠ 𝐹 ∈ L(M)]/(𝐼M + 𝐽M),

where

𝐼M =

〈∑︁
𝐹∋𝑖

𝑥𝐹 : 𝑖 ∈ 𝐸

〉
𝐽M = ⟨𝑥𝐹𝑥𝐺 : 𝐹, 𝐺 incomparable⟩,

This ring is a combinatorial analogue of the Chow ring of a smooth
projective variety.

Monomials that do not vanish are supported on chains of flats.

3 / 29



The matroid Chow ring

Let M be a loopless matroid and let ℒ(M) be its lattice of flats.
Feichtner and Yuzvinsky define

CH•(M) = ℝ[𝑥𝐹 : ∅ ≠ 𝐹 ∈ L(M)]/(𝐼M + 𝐽M),

where

𝐼M =

〈∑︁
𝐹∋𝑖

𝑥𝐹 : 𝑖 ∈ 𝐸

〉
𝐽M = ⟨𝑥𝐹𝑥𝐺 : 𝐹, 𝐺 incomparable⟩,

This ring is a combinatorial analogue of the Chow ring of a smooth
projective variety.
Monomials that do not vanish are supported on chains of flats.

3 / 29



Feichtner–Yuzvinsky monomials

First studied by Gaiffi, an additive basis for CH•(M) is given by
Feichtner–Yuzvinsky monomials

𝑚 = 𝑥
ℓ1
𝐹1
𝑥
ℓ2
𝐹2

· · · 𝑥ℓ𝑠
𝐹𝑠

where

∅ = 𝐹0 < 𝐹1 < · · · < 𝐹𝑠 ≤ 𝐸 and 1 ≤ ℓ𝑖 ≤ rk(𝐹𝑖) − rk(𝐹𝑖−1) − 1.

HM(𝑡) = HilbCH• (M) (𝑡) =
∑︁
𝑖⩾0

dimℝ(CH𝑖)𝑡𝑖

We write FY𝑘 for the set of Feichtner–Yuzvinsky monomials of
degree 𝑘 .

Only rank-jumps of at least 2 give contributions.
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Example

∅ = 𝐹0 ⪇ 𝐹1 ⪇ · · · ⪇ 𝐹𝑠 ≤ [4], {
𝑥
ℓ1
𝐹1

· · ·𝑥ℓ𝑠
𝐹𝑠

,

1≤ℓ 𝑗≤ |𝐹𝑗 |− |𝐹𝑗−1 |−1
.

∅

1 2 3 4

12 13 14 23 24 34

123 124 134 234

1234

• ∅ ⪇ 12 ⇝ 𝑥12.

• ∅ ⪇ 123 ⇝ 𝑥123, 𝑥
2
123.

• ∅ ⪇ [4] ⇝ 𝑥 [4] , 𝑥
2
[4] , 𝑥

3
[4] .

• ∅ ⪇ 12 ⪇ [4] ⇝ 𝑥12𝑥 [4] .
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H𝑈4,4 (𝑡) = 1 + 11𝑡 + 11𝑡2 + 𝑡3.
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Kähler package

Theorem (Adiprasito–Huh–Katz)

CH•(M) satisfies Poincaré duality, Hard Lefschetz and
Hodge–Riemann relations.

𝐴0 𝐴1 𝐴2 𝐴3 𝐴4 𝐴5 𝐴6
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Hilbert series and combinatorial consequences

HM(𝑡) =
𝑟−1∑︁
𝑖=0

|FY𝑖 |𝑡𝑖 H𝑈4,4 (𝑡) = 1 + 11𝑡 + 11𝑡2 + 𝑡3

• Poincaré duality ⇒ palindromicity:

CH𝑖 � CH𝑟−1−𝑖 |FY𝑖 | = |FY𝑟−1−𝑖 |.

• Hard Lefschetz ⇒ unimodality:

CH0 ↩→ CH1 ↩→ CH2 ↩→ · · · ↩→ CH⌊ (𝑟−1)/2⌋

|FY0 | ⩽ |FY1 | ⩽ · · · ⩽ |FY⌊ 𝑟−1
2 ⌋ | ⩾ |FY⌊ 𝑟+1

2 ⌋ | ⩾ · · · ⩾ |FY𝑟−1 |.

Philosophy. If an enumerative polynomial is the Hilbert series of a
Lefschetz algebra, then algebra explains its regularity.
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Feichtner–Yuzvinsky monomials

An additive basis for CH•(M) is given by Feichtner–Yuzvinsky
monomials

𝑚 = 𝑥
ℓ1
𝐹1
𝑥
ℓ2
𝐹2

· · · 𝑥ℓ𝑠
𝐹𝑠

where
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Chow polynomials of posets
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Bounded graded posets

Throughout, 𝑃 is finite, bounded, and graded.

0̂

1̂
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Feichtner–Yuzvinsky monomials
For a poset 𝑃 a Feichtner–Yuzvinsky monomial is a monomial

𝑚 = 𝑥ℓ1
𝑝1𝑥

ℓ2
𝑝2 · · · 𝑥

ℓ𝑠
𝑝𝑠

∈ ℚ[𝑥𝑝 : 𝑝 ∈ 𝑃 \ {0̂}]

where

0̂ = 𝑝0 < 𝑝1 < · · · < 𝑝𝑠 ≤ 1̂ and 1 ≤ ℓ𝑖 ≤ 𝜌(𝑝𝑖) − 𝜌(𝑝𝑖−1) − 1.

Definition (Ferroni–Matherne–V.)
Let FY𝑘 be the set of FY monomials of degree 𝑘 of the poset 𝑃.
The Chow polynomial of 𝑃 is

H𝑃 (𝑡) :=
∑︁
𝑖⩾0

|FY𝑖 |𝑡𝑖 .
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Building Feichtner–Yuzvinsky monomials

0̂ = 𝑝0 < 𝑝1 < · · · < 𝑝𝑠 ≤ 1̂, { 𝑥
ℓ1
𝑝1 · · ·𝑥

ℓ𝑠
𝑝𝑠 ,

1≤ℓ 𝑗≤𝜌(𝑝 𝑗 )−𝜌(𝑝 𝑗−1 )−1
.

0̂

𝑎 𝑏 𝑐 𝑑

𝑒 𝑓 𝑔

ℎ 𝑖

𝑗

1̂

• 0̂ < ℎ ⇝ 𝑥ℎ, 𝑥
2
ℎ

.
• 0̂ < 1̂ ⇝ 𝑥1̂, 𝑥

2
1̂
, 𝑥3

1̂
, 𝑥4

1̂
.

• 0̂ < 𝑒 < 1̂ ⇝ 𝑥𝑒𝑥1̂, 𝑥𝑒𝑥
2
1̂
.

• 0̂ < ℎ < 1̂ ⇝ 𝑥ℎ𝑥1̂, 𝑥
2
ℎ
𝑥1̂.
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.

• 0̂ < ℎ < 1̂ ⇝ 𝑥ℎ𝑥1̂, 𝑥
2
ℎ
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Counting all FY monomials gives

H𝑃 (𝑡) = 1 + 7𝑡 + 12𝑡2 + 7𝑡3 + 𝑡4.
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Known properties

Theorem (Ferroni–Matherne–V.)
For every finite bounded weakly ranked poset 𝑃, H𝑃 (𝑡) is monic,
palindromic, and unimodal.

(Connected to KLS positivity)

These are exactly the first numerical properties one expects from a
Hilbert series of a ring with Lefschetz properties.

13 / 29



Known properties

Theorem (Ferroni–Matherne–V.)
For every finite bounded weakly ranked poset 𝑃, H𝑃 (𝑡) is monic,
palindromic, and unimodal.

(Connected to KLS positivity)

These are exactly the first numerical properties one expects from a
Hilbert series of a ring with Lefschetz properties.

13 / 29



The central problem

For a geometric lattice, the Chow polynomial agrees with the
Hilbert–Poincaré series of the matroid Chow ring.

For a general weakly ranked poset, we still have:
• a polynomial H𝑃 (𝑡);
• a family of FY monomials;
• palindromicity and unimodality.

But we do not have a known canonical Lefschetz ring.

Main problem

Find a canonical algebra attached to 𝑃 with Hilbert series H𝑃 (𝑡)
satisfying Poincaré duality and Hard Lefschetz.
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Main results
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Existence

Theorem (Schweitzer–V.)
Let 𝑃 be a finite bounded graded poset. H𝑃 (𝑡) is the Hilbert–Poincaré
series of an algebra with the Kähler package.

It proves that there is no obstruction for this ring to exist for
arbitrary posets.

This does not construct the conjectural canonical Chow ring for 𝑃.
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𝑂-sequences and SI-sequences
A sequence 𝑔 = (𝑔0, . . . , 𝑔𝑚) is an 𝑂-sequence if there is a
monomial order ideal 𝑀 such that

𝑔𝑖 = |{𝑚 ∈ 𝑀 : deg𝑚 = 𝑖}|.

Let ℎ = (1, ℎ1, . . . , ℎ𝑑) be palindromic and unimodal. Define

𝑔 = (1, ℎ1 − 1, ℎ2 − ℎ1, . . . , ℎ⌊𝑑/2⌋ − ℎ⌊𝑑/2⌋−1).

For us
ℎ(𝑃) = ( |FY0 |, |FY1 |, . . . , )

encodes the coefficients of H𝑃 (𝑡).

Definition
An SI-sequence is a palindromic unimodal sequence ℎ such that 𝑔
is an 𝑂-sequence.
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For us

ℎ(𝑃) = ( |FY0 |, |FY1 |, . . . , )
encodes the coefficients of H𝑃 (𝑡).
Example:

ℎ = (1, 7, 12, 7, 1) ⇝ 𝑔 = (1, 6, 5)

Definition
An SI-sequence is a palindromic unimodal sequence ℎ such that 𝑔
is an 𝑂-sequence.
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This is enough: the 𝑔-theorem

Theorem (McMullen, Billera–Lee, Stanley)

For ℎ = (1, ℎ1, . . . , ℎ𝑑), the following are equivalent:
• ℎ is an SI-sequence;
• ℎ is the ℎ-vector of a simplicial polytope;
• ℎ is the Hilbert series of an algebra with the Kähler package

generated in degree one.

Since ℎ(𝑃) is already known to be palindromic and unimodal, it
remains to show:

𝑔(𝑃) is an 𝑂-sequence.
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Strategy of the proof

Plan.
1. Order FY monomials by divisibility.
2. Build a combinatorial analogue of a Lefschetz decomposition.
3. Identify its primitive elements. They form a set SFY.
4. They are exactly |FY𝑘 | − |FY𝑘−1 | = 𝑔𝑘 .
5. Prove that these form a monomial order ideal SFY.

19 / 29



Symmetric chain decompositions

A SCD of a poset 𝑃 is

(0, 0)

(1, 0) (0, 1)

(2, 0)
(1, 1)

(0, 2)

(2, 1)
(1, 2)

(0, 3)

(2, 2) (1, 3)

(2, 3)
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𝐴0 𝐴1 𝐴2 𝐴3 𝐴4 𝐴5 𝐴6

𝑃0 ℓ𝑃0 ℓ2𝑃0 ℓ3𝑃0 ℓ4𝑃0 ℓ5𝑃0 ℓ6𝑃0ℓ ℓ ℓ ℓ ℓ ℓ

𝑃1 ℓ𝑃1 ℓ2𝑃1 ℓ3𝑃1 ℓ4𝑃1ℓ ℓ ℓ ℓ

𝑃2 ℓ𝑃2 ℓ2𝑃2ℓ ℓ

𝑃3
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Example

1

𝑥𝑒 𝑥 𝑓 𝑥𝑔 𝑥1̂ 𝑥ℎ 𝑥𝑖 𝑥 𝑗

𝑥𝑒𝑥 𝑗 𝑥 𝑓 𝑥 𝑗 𝑥𝑔𝑥 𝑗 𝑥𝑒𝑥1̂ 𝑥 𝑓 𝑥1̂ 𝑥2
1̂

𝑥𝑔𝑥1̂ 𝑥ℎ𝑥1̂ 𝑥𝑖𝑥1̂ 𝑥2
ℎ

𝑥2
𝑖

𝑥2
𝑗

𝑥𝑒𝑥
2
1̂

𝑥 𝑓 𝑥
2
1̂

𝑥𝑔𝑥
2
1̂

𝑥3
1̂ 𝑥2

ℎ
𝑥1̂ 𝑥2

𝑖
𝑥1̂ 𝑥3

𝑗

𝑥4
1̂

𝑚′ ⩽ 𝑚 ⇔ 𝑚′ |𝑚.
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deg(initial elements) = (1, 7 − 1, 12 − 7)
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𝑥𝑒𝑥
2
1̂

𝑥 𝑓 𝑥
2
1̂

𝑥𝑔𝑥
2
1̂

𝑥3
1̂ 𝑥2

ℎ
𝑥1̂ 𝑥2

𝑖
𝑥1̂ 𝑥3

𝑗

𝑥4
1̂

deg(initial elements) = (1, 6, 5) = 𝑔(𝑃).
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The special set SFY
This gives a distinguished set of initial monomials.

A monomial

𝑚 =

𝑠∏
𝑘=1

𝑥
ℓ𝑘
𝑝𝑘 0̂ = 𝑝0 < 𝑝1 < · · · < 𝑝𝑠 < 1̂

belongs to SFY if for each 𝑘 ,

1 ≤ ℓ𝑘 ≤ min

(
𝜌(𝑝𝑘) − 𝜌(𝑝𝑘−1) − 1, 𝜌(𝑃) − 𝜌(𝑝𝑘) − 2

𝑠∑︁
𝑖=𝑘+1

ℓ𝑖

)
.

For the running example,

SFY = {1, 𝑥𝑒, 𝑥 𝑓 , 𝑥𝑔, 𝑥ℎ, 𝑥𝑖 , 𝑥 𝑗 , 𝑥𝑒𝑥 𝑗 , 𝑥 𝑓 𝑥 𝑗 , 𝑥𝑔𝑥 𝑗 , 𝑥
2
ℎ, 𝑥

2
𝑖 }.

(1, 6, 5) = 𝑔(𝑃).
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SFY is a monomial order ideal

The set of initial monomials of an SCD is not automatically well
behaved.

Lemma (Schweitzer–V.)
The set SFY is a monomial order ideal.

The SCD is chosen so that its initial elements are closed under
divisibility.

Proof idea.
If 𝑚 ∈ SFY, any 𝑚′ |𝑚 still satisfies the defining inequalities.

Decreasing an exponent is straightforward. Removing a variable
merges two rank jumps, so one must check that the new bound is
compatible with the two old bounds.
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Conclusion of the proof

The set SFY is such that
• It is a monomial order ideal.
• Its number of elements in degree 𝑘 is

|FY𝑘 | − |FY𝑘−1 | = 𝑔𝑘

up to the middle degree.

• 𝑔(𝑃) is an 𝑂-sequence.
• ℎ(𝑃) SI-sequence =⇒ H𝑃 (𝑡) is a Lefschetz Hilbert series.
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Some consequences

Theorem (Schweitzer–V.)
For a finite bounded graded poset 𝑃, 𝑔(𝑃) is a pure 𝑂-sequence.

Theorem (Schweitzer–V.)
If 𝑃 has rank at most 6 (sharp), then H𝑃 (𝑡) is log-concave.

Palindromicity and unimodality always hold, but log-concavity does
not hold in general.
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What remains open

Main open direction

Find a canonical algebra CH(𝑃) such that

HilbCH(𝑃) (𝑡) = H𝑃 (𝑡)

and CH(𝑃) satisfies the full Kähler package.

The present result says that the desired Hilbert series is always
compatible with such an algebra. The 𝑔-theorem could even
produce an explicit polytope!

But: this is not the same as a natural construction. The existence
proof forgets the combinatorics of 𝑃. Consequently, it does not
provide canonical classes, natural maps, or new poset invariants
beyond the Hilbert series.
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Thank you! ,
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A canonical decomposition

Theorem (Braden–Huh–Matherne–Proudfoot–Wang)

CH(M) = IH(M) ⊕
⊕

∅<𝐹<𝐸

𝜓𝐹
(
CHM |𝐹 ⊗ JM/𝐹

)
.

HM(𝑡) = HilbIH(M) (𝑡) +
∑︁

∅<𝐹<𝐸

HM |𝐹 (𝑡) · HilbJM/𝐹 (𝑡).

Theorem (Ferroni–Matherne–V.)

H𝑃 (𝑡) =
𝑓 rev
𝑃

(𝑡) − 𝑓𝑃 (𝑡)
𝑡 − 1

+
∑︁

0̂<𝑝<1̂

H0̂𝑝 (𝑡)
𝑓 rev
𝑝1̂

(𝑡) − 𝑡 𝑓𝑝1̂(𝑡)

𝑡 − 1

where 𝑓M is the KL polynomial of M.
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Another decomposition
Let 𝜏(M) denote the truncation of M.

Theorem (Larson)

CH•(M) � ℝ ⊕
⊕

rk(𝐹 )>1
CH• (𝜏(M|𝐹)) [−1]

HM(𝑡) = 1 + 𝑡
∑︁

rk(𝐹 )>1
H𝜏 (M |𝐹 ) (𝑡).

Theorem (Ferroni–Matherne–V.)

H𝑃 (𝑡) = 1 + 𝑡
∑︁

𝜌(𝑝)>1
H𝜏 ( [0̂, 𝑝] ) (𝑡).
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