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Introduction

Poset Ramsey for Boolean lattices

The Boolean lattice Qp is the poset of all subsets of [N], ordered by inclusion. For
a set X, we write Qx for the poset of subsets of X ordered by inclusion.

'Definition. The Poset Ramsey number R(Q, Q,) is the least N such that
every red/blue colouring of Qy contains a blue induced copy of @, or a red
 induced copy of Q.

For the diagonal problem, the known bounds (due to Axenovich and Winter) are

still far apart:
2.02n < R(Qn, Q,) < n* — (1 — o(1)) nlog n.

This work improves the lower bound to

Theorem.
R(Q,, Q) > 2.7n

for sufficiently large n.
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The proof uses induced embeddings: both relations and non-relations must be pre-
served.

Progress on the diagonal lower bound
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The layered lower bound
[Theorem (Axenovich and Walzer, 2017). R(Qn, @,) > m + n. ]
Proof.
Qm+n—1
top n levels
bottom m levels

Embedding lemma

‘Lemma (Embedding Lemma, Axenovich and Walzer, 2017). Let ¢ : Q, — QNw
be an induced embedding. There exists a set X C [N] of size n, and an embed-
ding ¢’ : Qx — Qu such that ¢’ has the same image as ¢ and ¢/(S)N X =S for
all S C X.

This means that any copy of @, in Qy has some “base elements” and “extra ele-
ments'.

¢(A)= ACX U ¢'(A)\ X C [N\ X C [N]

Main construction: layers and pivots

We set N = (2 + ¢)n and then try to maximise c. Our colouring of Qp is as follows:

It consists of monochromatic layers, but with some “pivot points/triangles” over-
laid. These pivots are chosen so that we have the following properties: For any

P,X C [N] with |P| = % and |X| = nsuch that PN X = (), there must exist
some bottom blue pivot point S € S such that:

(a) PN X C SN X (this is always true because P N X = ()

(b) S\ X C P\ X

(@) ISnX| <3

The point of these properties is to control the base and extra elements, so that we
get

SC (SN X)

while also limiting how many base elements we use (keeping S N X small). This
means ¢(S N X) must skip many layers to reach the next red element
above the pivot S. The red pivots in 71 have similar properties. The colouring is

also such that the colours of A and [N] \ A are opposite.

Main Proof
[Theorem. R(Q,, Q) > (2 + 1/3)n for sufficiently large n. ]

Proof Sketch. The idea is to use the pivots to force any embedding to skip many
levels, so that it then runs out of levels before it can embed the whole @,,. This
idea is originally due to Winter, but we refine the proof to achieve a better bound.

( Colour Qy as shown before. Assume for contradiction we have a red Q, with
embedding ¢. This embedding has a base set X.

f 6(0)| > n/3, since it is red. Pick P C ¢(f) with |P| = n/3. We can find a
pivot $ € 5.

, By the pivot properties:
S Co(SNX).

Since the band above S is the opposite colour, the red embedding must jump
up above level N /2 while using at most n/3 base elements.

n Repeat the above steps again for the next pivots: pick a set of size N/2, find \
a pivot in Sy, jump up to above N —  n/3 while using at most 2n/3 base
elements.

I3 There are now less than n/3 levels left but we have only used 2n/3 of our
base coordinates, so need at least another n/3 levels to finish the embedding.
Contradiction.

For any blue embedding we work from the top down instead of from the bottom
up, using pivots from 71,7, instead of Sy, S>. Therefore there are no red or blue
copies of @,. L]

Scaling Up

Adding more pairs of pivot layers gives you a better lower bound. Taking 300 pairs
of pivot layers gives us the claimed bound of R(Q,, @,) > 2.7n. We conjecture
that this method can give us a lower bound of (3 — €)n for any ¢ > 0. We have
shown that it cannot do better than this.

Future Work
There is still a factor of n gap between the lower and upper bounds on R(Q,, Q,).

[Conjecture. R(Q,, Q,) = ©(n). ]

There is still much work to be done on both the upper and lower bounds to settle

this conjecture.
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