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Topological dynamics

A topological dynamical system (X, T):
T anon-; compact topological space X,

t ahomeomorphismT: X ¥ X.

Can think of x A T (x) as the change over one time step.
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Topological dynamics

A topological dynamical system (X, T):
T anon-; compact topological space X,

t ahomeomorphismT: X ¥ X.

Can think of x A T (x) as the change over one time step.

The orbit (or “trajectory”) of a point x 2 X: the set {T"(x) : n 2 Z}.

N
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Minimal transformations

Atransformation T: X ¥ X is minimal if every orbit is dense:

For all x 2 X and non- ; openU X, there is some n 2 N such that
T"(x) 2U. J
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Minimal transformations

Atransformation T: X ¥ X is minimal if every orbit is dense:

T"(x) 2U.

=

N_

u

For all x 2 X and non- ; openU X, there is some n 2 N such that J

After some number of steps, x enters U.
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Minimal transformations

Atransformation T: X ¥ X is minimal if every orbit is dense:

For all x 2 X and non- ; openU X, there is some n 2 N such that
T"(x) 2U. J

After some number of steps, x enters U.
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X T acircle, T T rotation by some fixed angle fi.
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X T acircle, T T rotation by some fixed angle fi.

Minimal?
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X T acircle, T T rotation by some fixed angle fi.

Minimal O fi/.. Q (DIRICHLET 1840s)
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X ~ thetorusR%/Z2, T: ; a (mod Z?)
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T:

X ~ the torus R?/Z2,
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X ~ thetorusR%/Z2, T: ;( a (mod Z?)
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Arnold’s cat map.

Anton Bernshteyn Dynamics and Combinatorics



2
X ~ thetorusR%/Z2, T: ;( a (mod Z?)
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Arnold’s cat map. Not minimal (has a fixed point), although
almost all orbits are dense.
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Minimality and syndeticity

Observation

IfT: X ¥ X is minimal, then every non-; openU X is syndetic:
there is some n 2 N such that each x 2 X gets into U within n steps:

atleastone of T(x), ..., T"(x)isinU.
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Minimality and syndeticity

Observation

IfT: X ¥ X is minimal, then every non-; openU X is syndetic:
there is some n 2 N such that each x 2 X gets into U within n steps:

atleastone of T(x), ..., T"(x)isinU.

PROOE. T is minimal, so

TilU) [T2U) [TBW) [t~ X.
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Minimality and syndeticity

Observation

IfT: X ¥ X is minimal, then every non-; openU X is syndetic:
there is some n 2 N such that each x 2 X gets into U within n steps:

atleastone of T(x), ..., T"(x)isinU.

PROOE. T is minimal, so
THU) LTU) LTHBW) [eee™ X,
X is compact ) get a finite subcover

THHWLTP?U) L LTI"LU) ™ X.
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Multiple transformations

Suppose now we have a sequence of homeos: Ty, Ty,...: X ¥ X.

They generate a group G~ hTy,Ty,...i that acts on X.

Anton Bernshteyn Dynamics and Combinatorics



Multiple transformations

Suppose now we have a sequence of homeos: Ty, Ty,...: X ¥ X.

They generate a group G~ hTy,Ty,...i that acts on X.

Let G be a countable group. A G-flow (X, (Tg)g26):
T anon-; compact topological space X,
T homeomorphisms Tq: X ¥ X foreachg 2G,
such that Tgp, ~ Tg—Tp forallg, h 2G.
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Suppose now we have a sequence of homeos: Ty, Ty,...: X ¥ X.

They generate a group G~ hTy,Ty,...i that acts on X.
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Multiple transformations

Suppose now we have a sequence of homeos: Ty, Ty,...: X ¥ X.

They generate a group G~ hTy,Ty,...i that acts on X.

Let G be a countable group. A G-flow (X, (Tg)g26):
T anon-; compact topological space X,
T homeomorphisms Tq: X ¥ X foreachg 2G,
such that Tgp, ~ Tg—Tp forallg, h 2G.

A system (X, T) with a single transformation ¥  a Z-flow

Non-degeneracy assumptions: A G-flow (X, (Tg)g26) is
T faithfulifforall 18 g 2G, T4 is not the identity map,
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Multiple transformations

Suppose now we have a sequence of homeos: Ty, Ty,...: X ¥ X.

They generate a group G~ hTy,Ty,...i that acts on X.

Let G be a countable group. A G-flow (X, (Tg)g26):
T anon-; compact topological space X,
T homeomorphisms Tq: X ¥ X foreachg 2G,
such that Tgp, ~ Tg—Tp forallg, h 2G.

A system (X, T) with a single transformation ¥  a Z-flow

Non-degeneracy assumptions: A G-flow (X, (Tg)g26) is
T faithfulifforall 18 g 2G, T4 is not the identity map,
T freeifforall 15 g 2G, T4 has no fixed points.
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Multiple transformations

Fix a countable group G.

Problem (“minimal subdynamics”)

Is there a non-degenerate (say, free) G-flow (X, (Tg)g2c) such that
T4 is minimal for all elements g 2 G of infinite order?
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Multiple transformations

Fix a countable group G.

Problem (“minimal subdynamics”)

Is there a non-degenerate (say, free) G-flow (X, (Tg)g2c) such that
T4 is minimal for all elements g 2 G of infinite order?

For example, if we take two independent irrational rotations Ty, T
of a circle, they generate a Z>-flow as above.
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Multiple transformations

Fix a countable group G.

Problem (“minimal subdynamics”)

Is there a non-degenerate (say, free) G-flow (X, (Tg)g2c) such that
T4 is minimal for all elements g 2 G of infinite order?

For example, if we take two independent irrational rotations Ty, T
of a circle, they generate a Z>-flow as above.

Nonabelian case is much harder, even to make a single Tq minimal.
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Multiple transformations

Fix a countable group G.

Problem (“minimal subdynamics”)

Is there a non-degenerate (say, free) G-flow (X, (Tg)g2c) such that
T4 is minimal for all elements g 2 G of infinite order?

For example, if we take two independent irrational rotations Ty, T
of a circle, they generate a Z>-flow as above.

Nonabelian case is much harder, even to make a single Tq minimal.

FRISCH-SEWARD-ZUCKER '24: Handled the case when g generates a
normal subgroup.
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Multiple transformations

Fix a countable group G.

Problem (“minimal subdynamics”)

Is there a non-degenerate (say, free) G-flow (X, (Tg)g2c) such that
T4 is minimal for all elements g 2 G of infinite order?

For example, if we take two independent irrational rotations Ty, T
of a circle, they generate a Z>-flow as above.

Nonabelian case is much harder, even to make a single Tq minimal.

FRISCH-SEWARD-ZUCKER '24: Handled the case when g generates a
normal subgroup.

Theorem (AB-FRISCH '25+)
The answer is YES.
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Theorem (AB-FRISCH '25+)

For every countable group G, there exists a free G-flow (X, (Tq¢)g2c)
such that Ty is minimal for all elements g 2G of infinite order.
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Theorem (AB-FRISCH '25+)

For every countable group G, there exists a free G-flow (X, (Tq¢)g2c)
such that Ty is minimal for all elements g 2G of infinite order.

Thatis: let Sy, Sy, ... be the infinite cyclic subgroups of G. Then for
all x 2 X and n, the set {Tq(x) : g 2Sp} is dense.
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Theorem (AB-FRISCH '25+)

For every countable group G, there exists a free G-flow (X, (Tq¢)g2c)
such that Ty is minimal for all elements g 2G of infinite order.

Thatis: let Sy, Sy, ... be the infinite cyclic subgroups of G. Then for
all x 2 X and n, the set {Tq(x) : g 2Sp} is dense.

Actually, the group structure is not important:

If Sy, Sy, ... are any infinite subsets of G, we can find a free G -flow
(X, (Tg)g2c) s.t. forall x 2 X and n, the set {Tg(x) : g 2Sp} is dense. J
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Theorem (AB-FRISCH '25+)

For every countable group G, there exists a free G-flow (X, (Tq¢)g2c)
such that Ty is minimal for all elements g 2G of infinite order.

Thatis: let Sy, Sy, ... be the infinite cyclic subgroups of G. Then for
all x 2 X and n, the set {Tq(x) : g 2Sp} is dense.

Actually, the group structure is not important:

If Sy, Sy, ... are any infinite subsets of G, we can find a free G -flow
(X, (Tg)g2c) s.t. forall x 2 X and n, the set {Tg(x) : g 2Sp} is dense. J

GROMOV’s curse
Every statement about all countable groups is either trivial or false.

Use combinatorics instead of group theory!
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Symbolic dynamics

Suppose T: X ¥ X is minimal.

e

)
\dx
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Symbolic dynamics

Suppose T: X ¥ X is minimal.
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Symbolic dynamics

Suppose T: X ¥ X is minimal.

Given x 2 X, generate an infinite word w 2 {A, B}Z:
w ~ ...AABABBABABABAAAABAB...

Record whether each T"(x) isin A orin B.
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Symbolic dynamics

w ~ ...AABABBABABABAAAABAB...

A subword u ~ BAB appears at position 0. This means that

x2B, T(X)2A, T?X)2B.
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Symbolic dynamics

w ~ ...AABABBABABABAAAABAB...

A subword u ~ BAB appears at position 0. This means that

x 2B\Til(A)\NTi?B):U.
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Symbolic dynamics

w ~ ...AABABBABABABAAAABAB...
A subword u ~ BAB appears at position 0. This means that
x 2B\TH(A)\Ti?B):U.

The set U is open (if A and B are) and non- ;
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Symbolic dynamics

w ~ ...AABABBABABABAAAABAB...
A subword u ~ BAB appears at position 0. This means that
x 2B\TH(A)\Ti?B):U.
The set U is open (if A and B are) and non- ;, hence syndetic:

For some n 2 N, every point gets into U within n steps. )
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Symbolic dynamics

w ~ ...AABABBABABABAAAABAB...
A subword u ~ BAB appears at position 0. This means that
x 2B\TH(A)\Ti?B):U.
The set U is open (if A and B are) and non- ;, hence syndetic:

For some n 2 N, every point gets into U within n steps. )

) gaps between occurrences of u in w are of length at most n.
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Symbolic dynamics

w ~ ...AABABBABABABAAAABAB...
A subword u ~ BAB appears at position 0. This means that
x 2B\TH(A)\Ti?B):U.
The set U is open (if A and B are) and non- ;, hence syndetic:

For some n 2 N, every point gets into U within n steps. )

) gaps between occurrences of u in w are of length at most n.

We say that u occurs in w syndetically.
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Combinatorics on words

A word w 2 {A, B}< such that every finite word u that occurs in w
does so syndetically. J

We also want w to be aperiodic (to avoid degenerate solutions).
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Combinatorics on words

A word w 2 {A, B}< such that every finite word u that occurs in w
does so syndetically. J

We also want w to be aperiodic (to avoid degenerate solutions).

Any such word w gives rise to a certain free minimal system (X, T). )
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General groups

To find a free G-flow (X, (Tg)g2c) such that Ty is minimal, need to
solve an analogous combinatorial problem:

Find w 2 {A, B}® such that every finite “pattern” u that occurs in w
does so syndetically with respect to g. J

(+ anon-degeneracy condition)
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General groups

To find a free G-flow (X, (Tg)g2c) such that Ty is minimal, need to
solve an analogous combinatorial problem:

Find w 2 {A, B}® such that every finite “pattern” u that occurs in w
does so syndetically with respect to g. J

(+ anon-degeneracy condition)

Use the probabilistic method, especially the Lovédsz Local Lemma. J
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General groups

To find a free G-flow (X, (Tg)g2c) such that Ty is minimal, need to
solve an analogous combinatorial problem:

Find w 2 {A, B}® such that every finite “pattern” u that occurs in w
does so syndetically with respect to g. J

(+ anon-degeneracy condition)

Use the probabilistic method, especially the Lovédsz Local Lemma. J

Intuition: the probability that a fixed finite word u does not occur
in some interval of length n in a random word w 2 {A, B} is
exponentially small in n.
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The details. ..

§6 Theorem 6.6:
Continuous LLL under finite asic assumption
§(i,3l
Lemma 2.15: §5 Lemma 2.14:
F-syndetic ®-spaced sets i Maps to Sep(s) with ®-spaced constraints
§2.4
Lemma 2.11:
Maps to Sep(s) making open sets F-syndetic
57}
§4 Theorem 2.3: Theorem 2.2/Theorem 2.7:
F-minimal subflows are generic An amply syndetic T-space, namely Free(Sep(s))
§2.1

Theorem 1.10:
An F,,-minimal I-flow for all n e N

Figure 2. A flowchart for the proof of Theorem 1.10.

Pittsburgh connections: build on
CONLEY-JACKSON-MARKS—-SEWARD-TUCKER-DROB '23, AB-WEILACHER 25
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t Many natural questions in dynamics are actually purely
combinatorial.

t We can use combinatorial tools to solve them! Especially the
probabilistic method.

t Avoid relying on group theory and work in complete generality.

t Surely, many applications of combinatorics in other fields are
also waiting to be discovered!
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t Many natural questions in dynamics are actually purely
combinatorial.

t We can use combinatorial tools to solve them! Especially the
probabilistic method.

t Avoid relying on group theory and work in complete generality.

t Surely, many applications of combinatorics in other fields are
also waiting to be discovered!

Thank you!
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